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Abstract. We provide a description of the Drinfeld-Sokolov Hamiltonian reduction for the construc- 
tion of classical W-algebras within the framework of Poisson vertex algebras. In this context, the gauge 
group action on the phase space is translated in terms of (the exponential of) a Lie conformal algebra 
action on the space of functions. Following the ideas of Drinfeld and Sokolov, we then establish un- 
der certain sufficient conditions the applicability of the Lenard-Magri scheme of integrability and the 
existence of the corresponding integrable hierarchy of bi-Hamiltonian equations. 
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■ 0. Introduction 

In the seminal paper [DS85], Drinfeld and Sokolov defined a 1-parameter family of Poisson brackets 
on the space ^/dW of local functional on an infinite-dimensional Poisson manifold Ai. Such Poisson 
manifold is obtained, starting from an afSne Kac-Moody algebra g, via a Hamiltonian reduction, and the 
^ . corresponding differential algebra W of functions on A4 , with its Poisson bracket on the space W/^VV of 

■ local functionals, is known as classical W-algebra. In the same paper Drinfeld and Sokolov constructed 

■ an integrable hierarchy of bi-Hamiltonian equations associated to each classical W-algebra, known as 

■ "generalized KdV hierarchy". The Korteweg-de Vries (KdV) equation appears in the case of g = sl2. 
For g = sl„, the classical W-algebra Poisson bracket coincides with the Adler-Gelfand-Dickey Poisson 

(•~^ ■ bracket [Adl79, GD87] on the space of local functionals on the set of ordinary differential operators of 

PsJ . the form 9" -I- -t- . . . -|~ m„_i, and the corresponding integrable hierarchy is the so called n-th 

Gelfand-Dickey hierarchy (see [Dic97] for a review). 

In a few words, the construction of [DS85] is as follows. Let g be a simple finite-dimensional Lie 
algebra with a non-degenerate symmetric invariant bilinear form n, and let / be a principal nilpotent 
^ . . element in g, which we include in an s^-triple (/, h = 2x, e) in g. Then g decomposes as a direct sum 

d I of ad x-eigenspaces g = ®igz0i- To define the Poisson manifold A4, consider first the space Ai of first 

order differential operators of the form 

L{z) = dx + f + ZS + q{x) , 

where s lies in the center of n+ = ®j>o0*' l(^) ^ smooth map S-^ b = Qq Q) n+, and z is an 
indeterminate. On this space there is an action of the infinite-dimensional Lie group N, whose Lie 
algebra is the space of smooth maps — J" n+, by gauge transformations: 

L^{z)^e'"^'^L{z), 

for any smooth map A : 5^ — !> n+. The Poisson manifold Ai is then obtained as the quotient of Ai 
by the action of the gauge group: A4 ~ -^/N- As a differential algebra, the classical W-algebra is 
therefore the space of functions on A4 which are gauge invariant. The corresponding 1-parameter family 
of Poisson brackets on ^/dW is obtained as a reduction of the afhne algebra Lie- Poisson bracket. An 
explicit formula for it is 



where || denotes the variational derivative of the local functional /g G ^/9W (the index p will be 
explained in Section 3.2). 

In order to construct an integrable hierarchy of bi-Hamiltonian equations for W, one conjugates L to 
an operator of the form 

L^iz) = e"'^ ^(^)L(z) = a, + / + zs + h{z) , 
where U{z) is a smooth function on with values in n+ ©g[[z~^]]2;~^, and h{z) is a smooth function on 
with values in f) n where t) = Ker ad(/ + zs) (it is an abelian subalgebra of 2{{z^^))). Then, 

for any element a(z) £ () we obtain an infinite sequence of Hamiltonian functionals in involution defined 
by (n e Z+): 

jHn = J Res, z''-'K{a{z)\h{z)) € W/^W • 
The corresponding generalized KdV hierarchy of Hamiltonian equations is = {JUm Jp}a,p, n G Z+. 

Since the original paper of Drinfeld and Sokolov, the construction of the classical W-algebras has been 
generalized by many authors to the case when / G is an arbitrary nilpotent element. In the framework 
of Poisson vertex algebras, they have been constructed in [DSK06]. In [dGHM92, BdGHM93, FGMS95, 
FGMS96] they constructed the corresponding generalized KdV hierarchies, starting with a Heisenberg 
subalgebra % C q{{z~^)). In this approach, they cover all classical W-algebras associated to nilpotent 
elements / G g, for which there exists a graded semisimple element of the form f + zs G H (the existence 
of such a graded semisimple element is also studied, in the regular, or "type I", case, in [FIIM92, DF95], 
using results in [KP85], and, for g of type A„, in [FGMS95, FGMS96]). 

In [BDSK09] the theory of Hamiltonian equations and integrable bi-Hamiltonian hierarchies has been 
naturally related to the theory of Poisson vertex algebras. 

Recall that a Poisson vertex algebra (PVA) is a differential algebra V, with a derivation d, endowed 
with a A-bracket {■ a ■} : V®V — )■ F[A]0V satisfying sesquilinearity (1.4), left and right Leibniz rules (1.5)- 
(1.6), skew-symmetry (1.7), and Jacobi identity (1.8), displayed in Section 1. Given a PVA structure on 
an algebra V of smooth functions u : ^M., or, in a more algebraic context, on an algebra of differential 
polynomials V over a field F of characteristics zero, and a local Hamiltonian functional Jh £ ^/dV^ the 
corresponding Hamiltonian equation is 

rf^ = {^A«}L=0- (0-1) 

An integral of motion for such evolution equation is a local functional Jg G ^/dV such that 

Equation (0.1) is said to be integrable if there exists an infinite sequence JHq ~ Jh, //ii, //i2,... of 
linearly independent integrals of motion in involution: {Jh„i, Jhn} = 0, for all m,n G Z+. 

The main tool to construct an infinite hierarchy of Hamiltonian equations is the so called Lenard-Magri 
scheme (see [Mag78]). This scheme can be applied to a bi-Hamiltonian equation, that is an evolution 
equation which can be written in two compatible Hamiltonian forms: 

du 

— = {/lOA"}ff |a=o " {'^1A"}^Ia=0 ' (^-2) 

where {-a'Ih and {•a'Ik are compatible A-brackets, in the sense that any their linear combination 
defines a PVA structure on V. In this case, under some additional conditions, one can solve the recurrence 
equation 

{h„xu}H ^ {hn+ix'^J-}K, n G Z+ . 
Then, according to the Lenard-Magri scheme, the local functionals Jhn, n G are in involution, so 
that equation (0.2) is integrable, provided that the Jhn's are linearly independent. 

The main aim of the present paper is to derive the Drinfeld-Sokolov construction of classical W- 
algebras and generalized KdV hierarchies, as well as the generalizations mentioned above, within the 
context of Poisson vertex algebras. 

In fact, it appears clear from the results in Section 3, that Poisson vertex algebras provide the most 
natural framework to describe classical W-algebras and the corresponding generalized Drinfeld-Sokolov 
Hamiltonian reduction. In particular. Theorem 3.8 (and the following Remark 3.9) shows that the action 
of the gauge group N on the phase space M. coincides with an action of a "Lie conformal group" on 
the space W of functions on A4 , obtained by exponentiating the natural Lie conformal algebra action of 
F[i9]n on W, where n is a certain subalgebra of n+. 
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The paper is organized as follows. In Section 1 we review, following [BDSK09], the basic definitions and 
notations of Poisson vertex algebra theory and its application to the theory of integrable bi-Hamiltonian 
equations. 

In Section 2, following the original ideas of Drinfeld and Sokolov, we show how to apply the Lenard- 
Magri scheme of integrability for the affine Poisson vertex algebra V{g) (defined in Example 1.4), where 
g is a reductive Lie algebra. This is known as the homogeneous case, as it corresponds to the choice 
/ = 0. The main result here is Corollary 2.9, which provides an integrable hierarchy of Hamiltonian 
equations in V(g), associated to a semisimple element s G g and an element a G Z(Ker(ads))\Z(g). 

Section 3 is the heart of the paper. We first define the action of the Lie conformal algebra ¥[d]n on a 
suitable differential subalgebra V(p) of V(g). The classical W-algebra is then defined as V(p)'^[^l", that 
is the subspace of F [9] n- invariants in V(p). As discussed above, in Section 3.3, we show how this Lie 
conformal algebra action is related to the action of the gauge group N on the phase space J\4 , and we 
then prove that our definition of classical W-algebra is equivalent to the original definition of Drinfeld 
and Sokolov. Then, in Section 3.4, we use this correspondence to prove that the classical W-algebra 
is an algebra of differential polynomials in r ~ dim(Kcr ad /) variables, and to give an explicit set of 
generators for it. 

Finally, in Section 4, following the ideas of Drinfeld and Sokolov, we apply the Lenard-Magri scheme 
of integrability to derive integrable hierarchies for classical W-algebras. The main result here is Theorem 
4.18; where we construct an integrable hierarchy of bi-Hamiltonian equations associated to a nilpotent 
element / G g, a homogeneous element s G g such that [s, n] = and f + zs q{{z~'^)) is semisimple, and 
an element a{z) G Z(Kerad(/-t-zs))\Z(g((z~^)). In Section 4.10 we discuss, in the case of gl„, for which 
nilpotent elements / Theorem 4.18 can be applied, obtaining the same restrictions as in [FGMS95]. 

Acknowledgments. Part of the research was conducted at MIT, while the first and third author were 
visiting the Mathematics Department. We also thank the Institute Henri Poincare in Paris, where this 
paper was completed. We wish to thank Corrado De Concini for useful discussions and Andrea Maffei for 
(always) illuminating observations. The third author wishes to thank Alessandro D'Andrea for revising 
his Ph.D. thesis, from which the present paper originated. 

1. Poisson vertex algebras and Hamiltonian equations 

In this section we review the connection between Poisson vertex algebras and the theory of Hamiltonian 
equations as laid down in [BDSK09]. It is shown that Poisson vertex algebras provide a convenient 
framework for systems of Hamiltonian equations. As the main application we explain how to establish 
integrability of such partial differential equations using the Lenard-Magri scheme. 

1.1. Algebras of differential polynomials. By a differential algebra we mean a unital commutative 
associative algebra V over a field F of characteristic 0, with a derivation 9, that is an F-linear map from 
V to itself such that, for a, 6 G V 

d{ab) = d{a)b + ad{b). 

In particular dl = 0. 

The most important examples we are interested in are the algebras of differential polynomials in the 
variables ui, . . . ,U£: 

V = F[Mf^ |zG/={l,...,€},nGZ+], 

I definet 

commutation relations: 



where d is the derivation defined by 9(Uj-"'') = u^"^^', i G I,n Note that we have in V the following 



,0 



du. 



in)'- 



du 



(IrTy, (1-1) 



where the RHS is considered to be zero if n = 0, which can be written equivalently in terms of generating 
series, as follows 

Vz"^ = (a + z) Vz"^. (1.2) 

We say that / G V\F has differential order m G 2+ if ^ for some i G /, and = for all 

j G I and n > m. 

The variational derivative of / G V with respect to Ui is, by definition, 

5u, ^ ^ ' • 

3 



It is immediate to check, using (1.2), that ^ o a = for every i. In the algebra V of differential 
polynomials the converse is true too: if ^ = for every i = 1, . . . ,i, then necessarily / lies in dV © F 
(see e.g. [BDSK09]). Letting U = ^-^jFui be the generating space of V, we define the variational 
derivative of / € V as 

^ = E-^«^^^«V. (1.3) 

1.2. Poisson vertex algebras. 

Definition 1.1. Let V be a differential algebra. A X-bracket on V is an F-linear map V ® V ^ F[A] V, 
denoted by / eg) — > {f\g}, satisfying sesquilinearity {f,g S V): 

{dfxg} = -A{/A.g}, {fxdg} = (A + d){fxg} , (1.4) 

and the left and right Leibniz rules {f,g, h £V): 

{h9h}^{hg}h + {hh}g, (1.5) 

{fhxg} = {h+ag}^h + {hx+og}^f , (1.6) 

where we use the following notation: if {f\g} ~ 'l2nez^ ^""Cn, then {f\+gg}^h — J2nGZ+ '^"■^^ ~^ 9)"/i. 
We say that the A-bracket is skew- symmetric if 

{gxf} = -U-x-og} , (1.7) 

where, now, {/-A-a<?} = 12nez^i^^ ^ d)'^Cn (if there is no arrow we move d to the left). 

Definition 1.2. A Poisson vertex algebra (PVA) is a differential algebra V endowed with a A-bracket 
which is skew-symmetric and satisfies the following Jacobi identity in V[A,/i] {f,g,h G V): 

{h{9,h}} = {{fxg}x+,.h} + {g,{fxh}} ■ (1.8) 

In this paper we consider PVA structures on an algebra of differential polynomials V in the variables 
{wijig/. In this case, thanks to sesquilinearity and Leibniz rules, the A-brackets {itiAUj}, G I, 
completely determines the A-bracket on the whole algebra V. 

Theorem 1.3 ([BDSK09, Theorem 1.15]). LetV be an algebra of differential polynomials in the variables 
{ui}i(zi, and let Hij{X) € F[A] (g) V, i,j G /. 

(a) The Master Formula 

if ^9}- E ^i>^+drHd^+d){-x~dr^ (1.9) 

defines the \-bracket on V with given {uixUj} = -ffji(A), i, j G /. 

(b) The X-bracket (1.9) on V satisfies the skew-symmetry condition (1.7) provided that the same holds 
on generators (i,j G I): 

{uixUj} = -{uj-x-QUi} , (1.10) 

(c) Assuming that the skew-symmetry condition (1.10) holds, the X-bracket (1.9) satisfies the Jacobi iden- 
tity (1.8), thus making V a PVA, provided that the Jacobi identity holds on any triple of generators 
(i,j,ke I): 

{uix{uj^Uk}} = {{uixUj}x+^Uk} + {uj^{u^xuk}} ■ 

Example 1.4. Let g be a Lie algebra over F with a symmetric invariant bilinear form k, and let s be 
an element of g. The affine PVA V{q, k, s), associated to the triple (g, k, s), is the algebra of differential 
polynomials V = S'(F[9]0) (where V[d]g is the free F[9]-module generated by g and S{R) denotes the 
symmetric algebra over the F-vector space R) together with the A-bracket given by 

{axb} = [a,b] -\- k{s \ [a,b]) + K{a \ b)X for a, 6 G g , (LH) 

and extended to V by sesquilinearity and the left and right Leibniz rules. 

In Section 3 we will define classical W-algebras in terms of representations of Lie conformal algebras. 
Let us recall here the definitions [Kac98]. 

Definition 1.5. (a) A Lie conformal algebra is an F[3]-module R with an F-linear map {. a •} : R<E)R — > 
F [A] eg) i? satisfying (1.4), (1.7) and (1.8). 
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(b) A representation of a Lie conformal algebra R on an F[9]-niodule V is a A-action R(E)V ^ F[A] (2D V, 
denoted a®g a^.g, satisfying sesquilinearity, {da)'^g = —Xa'^g, a'^{dg) = {X + d)a'^ g, and 
Jacobi identity a ^ (6 5) - 6 (a ^ = {ca^} g (a, 6 G i?, 5 e V) . 

(c) If, moreover, V is a differential algebra, we say the the action of i? on V is by conformal derivations 
if a ^ {gh) (a ^ g)h + (a ^ h)g. 

1.3. Hamiltonian structures and Hamiltonian equations. By Theorem 1.3(a), if V is an algebra of 
differential polynomials in the variables {uijig/, there is a bijective correspondence between £x£-matrices 
H{\) = {H,j{X))^^^j e Mat(-xcV[A] and the A-brackets {-x-jn on V. 

Let U = ®jg/IF7ii be the generating space of V, and let {x*}ie/ be the dual basis of U*. We have a 
natural identification 

Mat£x^ V[A] ^ Uom{U ®V,U* ®V), (1.12) 
associating to the matrix H = {Hij{X}). .^j the linear map U ®V ^ U* ®V given by 

By an abuse of notation, from now on we will denote by the same letter an element H E Mat^xf V[A] or 
the corresponding linear map H : [/(8)V— )-J7*d2)V. 

Definition 1.6. A Hamiltonian structure on V is a matrix H G Matfxf V[A] such that the corresponding 
A-bracket {■ x-}h defines a PVA structure on V. 

Example 1.7. Consider the affine PVA V{g, k, s) defined in Example 1.4. Let be a basis of g and 

let {x*}ie/ C g* be its dual basis. The corresponding Hamiltonian structure H = (iJy(A)) 6 Mai^xe V[A] 
to the A-bracket defined in (1.11) is given by 

HijiX) = {ujxUi} = [uj,Ui] + k{s I [mj,Mj]) + K{ui I Uj)X. 

Via the identifications (1.12), H corresponds to the linear map g Cgi V — > g* ® V given by 

H{a /) = ^ ® [a, u,]f + k([s, a] | •) <S5 / + «(a | •) ® 9/ • (1.13) 

In the special case when k is non-degenerate, we can identify g* g via the isomorphism K{a | •) H> a. 
Let C g be the dual basis of g with respect to k: k{u^ \ Uj) = 5ij, i,j G /. Then, the map (1.13) 

is identified with the linear map g O V ^ g (8) V given by 

H{a®f) = Yy^\a\®u,f +[s,a]® f + a®df . (1.14) 

The relation between PVAs and systems of Hamiltonian equations associated to a Hamiltonian struc- 
ture is based on the following simple observation. 

Proposition 1.8. Let V be a PVA. The 0-th product on V induces a well defined Lie algebra bracket on 
the quotient space ^/dV- 

{Ifj9}^I{h9}\x=o^ (1-15) 
where J : V — !■ "^/dV the canonical quotient map. Moreover, we have a well defined Lie algebra action 
of ^/dV on V by derivations of the commutative associative product on V, commuting with d, given by 

{I.f,9} = {/a3}|a=o ■ 

In the special case when V is an algebra of differential polynomials in £ variables and the PVA 

A-bracket on V is associated to the Hamiltonian structure H G Mat^xf V[A], the Lie bracket (1.15) on 
^/dV takes the form (see (1.9)): 




(1.16) 



Definition 1.9. Let V be an algebra of differential polynomials with a Hamiltonian structure H. 

(a) Elements of ^/dV ^-re called local functionals. 

(b) Given a local functional J h £ ^ jdVi corresponding Hamiltonian equation is 

du r r. 1 / -11 dUi sr-^ Sh \ / i„x 

— = {J /i, u\h (^equivalently, = 2^ 'JiJ^' i e Lj . (1.17) 

jei ^ 
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(c) A local functional J f E ^/dV is called an integral of motion of equation (1.17) if ^ = mod dV 
in virtue of (1.17), or, equivalently, if Jh and J f are in involution: 

{JhJf}H = 0. 

Namely, / / lies in the centralizer oi Jh in the Lie algebra ^/qv with Lie bracket (1.16). 

(d) Equation (1.17) is called integrable if there exists an infinite sequence J/o = Jh, //i, //2,..., of 
linearly independent integrals of motion in involution. The corresponding integrable hierarchy of 
Hamiltonian equations is 

^ = {/ fn,u}H, ne'l+ (^equivalently, ^ = n el^, i E . (1.18) 

1.4. Bi-Hamiltonian structures and integrability of Hamiltonian equations. 

Definition 1.10. A hi- Hamiltonian structure (H,K) is a pair of Hamiltonian structures on an algebra 
of differential polynomials V, which are compatible, in the sense that any F-linear combination of them 
is a Hamiltonian structure. 

Example 1.11. Consider Example 1.7, with non-degenerate k. We identify g* g via K{a | •) H> a and 
we describe a Hamiltonian structure on V = V(0, k, s) as an element of End(g (g) V) via the identification 
(1.12). Then, the maps H,K : fl(g)V-^0(X)V given by 

H{a^ f) = Y^[u\a]^u,f + a^df, K{a (d f) ^ [a, s] ® f , (1.19) 

form a bi-Hamiltonian structure on V. Comparing (1.14) and (1.19), we get that the Hamiltonian 
structure of Example 1.7 is equal to H ~ K. 

Let V be an algebra of differential polynomials, with the generating space U C V, and we let {H, K) 
be a bi-Hamiltonian structure on V. According to the Lenard-Magri scheme of integrability [Mag78] (see 
also [BDSK09]), in order to obtain an integrable hierarchy of Hamiltonian equations, one needs to find 
a sequence of local functionals {J /n}nez+ spanning an infinite-dimensional subspace of ^/9V) such that 
their variational derivatives F„ = G U ^V, n € Z+, satisfy 

K{Fo) = 0, H{Fn) = A'(F„+i) eU* (S)V for every n e Z+ . (1.20) 

If this is the case the elements J fn, n G Z-(_, form an infinite sequence of local functionals in involution: 
{J fm, J fn}H = {J fmi J fn}K = 0, for all m,n <E Hence, we get the corresponding integrable 

hierarchy of Hamiltonian equations (1.18). 

We note that, using the generating series F{z) = J2nez+ & {U (E) V)[[z^^]], we can rewrite the 

Lenard-Magri recursion (1.20) as: 

K{Fo)^0, {H ^ zK)F{z)^0. (1.21) 

2. Drinfeld-Sokolov hierarchies in the homogeneous case 

As the first application of the Lenard-Magri scheme, we construct integrable hierarchies of Hamiltonian 
equations (1.17) for the bi-Hamiltonian structure provided by Example 1.11. This is referred to as the 
homogeneous Drinfeld-Sokolov hierarchy. The non-homogeneous case will be treated in the next sections, 
after giving the definition of classical W-algebras. 

Let be a finite-dimensional Lie algebra with a non-degenerate symmetric invariant bilinear form k, 
let s be an element of g, and let V = S'(F[9]0). Recall from Example 1.11 that we have a bi-Hamiltonian 
structure H,K : g (g) V — >■ g ® V on V, given by (1.19) (as before, we are using the identification (1.12) 
for Hamiltonian structures, and the isomorphism q* — > q associated to the bilinear form k). 

We endow the space g (g) V with a Lie algebra structure letting, for a, & G g and /, g G V, 

[a ® /, (g) g] = [a, 6] ® /g G g ® V . 

We extend the bilinear form k of g to a bilinear map K:gC>$Vxg®V— >V, given by (a, 6 G g, /, .g G V): 

K(a® / I 6® g) K(a I 6)/g G V. (2.1) 

Clearly, this bilinear map k is symmetric invariant and non-degenerate. We extend d G Der(V) to a 
derivation of the Lie algebra g (g V given by 

d{a(g> f) = a(g>df , 
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for any a G g and / G V. Thus we get the semidirect product Lie algebra ¥d k (g V), where 
[d, a (8) /] = 9(a (g) /) = a 5/ for a e and / G V. 

We set = {¥d k (g (g) V))((z~^)), the space of Laurent series in z^^ with coefficients in ¥d k (g (g) V), 
endowed with the Lie algebra structure induced by that on ¥d k (g® V). We note that (g® V)[[z^^]] C g 
is a Lie subalgebra. 

Proposition 2.1. Let L{z) = d + u + zs®l Gg, where u = X^ie/ ® G fl ® V. T/ien 

{H-zK){a®f) = [L(z),a(g/], 

/or an?/ a G g and / G V. 

Proof. It follows immediately by (1.19) and the definition of the Lie bracket on g. □ 

Recall from Section 1.4 that, to construct an integrable hierarchy of Hamiltonian equations, we need 
to find //(z) G {^/dV)[[z~^]] such that F{z) = G (g g) V)[[z-i]] is solution of equation (1.21). 

Hence, using Proposition 2.1, we conclude that the Lenard-Magri scheme can be applied if there exists 
F{z) G (g g) V)[[z~^]] satisfying the following three conditions: 

(CI) [s(gl,Fo]=0, 
(C2) [L(z),F(z)] =0. 

(C3) F{z) = Mf), for some //(z) G {^/dVW-^ 

The solution of the above problem will be achieved in Propositions 2.3 and 2.4 below (which are due to 
Drinfeld and Sokolov [DS85]), under the assumption that s G g is a semisimple element: in Proposition 
2.3 we find an element F{z) G (g g) V)[[z~^]] satisfying conditions (CI) and (C2), and in Proposition 2.4 
we show that this element satisfies condition (C3). 

Before stating the results we need to introduce some notation. For U{z) G (g g) V)[[z~^]]z~^, we have 
a well-defined Lie algebra automorphism 

e^<^^(^):0^fl. 

By the Baker-Campbell-Hausdorff formula [Ser92], automorphisms of this type form a group. Fix a 
semisimple element s G g, and denote f) = Ker(ads) C g (it is clearly a subalgebra). By invariance of 
the bilinear form n we have that f)^ ~ Im(ads), and that g = Ker(ads) © Im(ads). 

Remark 2.2. We can replace the assumption that s G g is semisimple by the assumption that g admits 
a vector space decomposition g — Ker(ads) © Im(ads). Clearly, if s G g is semisimple (that is, ads 
is diagonalizable in g), then automatically g = Kcr(ad.s) Im(ads). It is not hard to show that the 
converse is true if g is a reductive Lie algebra. 

Proposition 2.3. (a) There exist unique formal series U{z) G (f)^ g) V)[[z^"'^]]z^"'^ and h{z) G (f) ig) 
V)[[z^"'"]] such that 

Lo{z) = e"^^(--)(L(z)) =d + zs®l + h{z) . (2.2) 
(h) An automorphism e^^'^(^) g (g ® V)[[z^"^]]z^-'- solving (2.2) for some h{z) G (t) g) V)[[2""'"]] is defined 
uniquely up to multiplication on the left, by automorphisms of the form e^'^^'^'^\ where S{z) G (f) (g 
V)[[z-']]z-\ 

(c) Leta&Z{\)) (the center of \)), and letU{z) £ {q® )V[[z ^]]z /i(z) G (f) g) V)[[z ^]] solve equation 
(2.2). Then 

F(z) = e-^'i^(^)(ag)l) G (g g. V)[[z-^]] (2.3) 
is independent on the choice ofU{z) and it solves equations (CI) and (C2) above: [s g) 1,Fq\ = 
and [L{z),F{z)] = 0. 

Proof. Writing U{z) = X]i>i UiZ~'^ and h{z) — X)iGZ+ with Ui, hi G gg)V, and equating coefficients 

of z^* in both sides of (2.2), we find an equation of the form 

/i, + [sg)l,C/,+i] = A, 

where A G g g) V is expressed, inductively, in terms of Ui, U2, . . . ,Ui and ho, hi, . . . , For example, 

equating the constant term in (2.2) gives the relation ho + [s® 1, Ui] = u, while, equating the coefficients 
of z~^, gives the relation /ii + [s g) 1, U2] = —U[ + [Ui,u] + ^[?7i, [f/i, sg) 1]]. Decomposing A ^ Atj + Ai^± , 
according to g = () © i)-^, we get hi = At, and [s ® 1, Ui+i] = Afi±, which uniquely defines ?7i+i G f)^ g) V, 
proving (a). 

Let U{z) G (f)^ g) V)[[z"^]]z"\ h{z) G (f) g) V)[[z~^]] be the unique solution of (2.2) given by part (a), 
and let U{z) G (g g) V)[[z-^]]z-\ h{z) G (f) g) V)[[z'i]] be some other solution of (2.2): e^'^^^^\L{z)) = 
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d + zs (E) 1 + h{z). By the observation before the statement of the proposition, there exists S{z) = 
S'^^^' e (fl V)[[z-i]]z-i such that 

gadC/(z) _ gad S(z) gad t/(z) ^ ^2.4) 

To conclude the proof of (b), we need to show that S(£) £ (f) Cx) V)[[z~^]]z^^. Applying equation (2.4) to 

L{z') we get 

a + zs®l+7^(z) = e^'^^(^)(a + zs®l + /i(z)). (2.5) 

Comparing the constant terms in z of both sides of (2.5), we get ho = ho + [s 1, Si], which clearly 
implies ho = ho and Si G i) <S5V. Assuming by induction that 5*1, . . . , 5^ lie in f) (3 V, and comparing the 
coefficients of z~^ in both sides of (2.5) we get [s (g) 1, Si+i] S (f)^ fl f)) (g) V = 0, so that Si+i G () (g) V, as 
desired. 

We are left to prove part (c). By part (b), e" '^'^ '^'^^ (a (g) 1) = e-^'^'^(^)e-^'^-5(^)(a(g) 1) = F{z), since, 
by construction S{z) lies in (f) V)[[z~-'^]]z~^ (hence, it commutes with a (E) 1 € Z(l)) V). Moreover, 
Fo = a ® 1. Hence, it commutes with [s CE) 1], proving condition (CI). Finally, condition (C2) follows 
from the facts that [Lo{z), a (g 1] = and ^'^ '^'■^^ is a Lie algebra automorphism of g. □ 

Proposition 2.4. Let U{z) G (g (g) V)[[z~-'-]]2;^-'- and h{z) G (f)g) V)[[z~^]] be a solution of equation (2.2). 
Then the formal power series F{z) G (g ® V)[[z~"'^]] defined in (2.3) (where a G Z{1}) ) satisfies condition 
(C3) above, namely F{z) = ^^^^ , where 

Jfiz) = jK{a ® 1 I hiz)) G V/dV[[z~']] ■ (2.6) 

Before proving Proposition 2.4 we introduce some notation and we prove two preliminary lemmas. 
We extend the partial derivatives — to derivations of the Lie algebra □ Cg V in the obvious way: 

(a ® f) = a ® -j^ . We also define the differential order of elements F G g V\ g ® F in the same 

way as before: F has differential order m G Z+ if — ^ for some i G /, and = for all j G / 

du ' du- ' 

and n > m. 

Note that if A G g (g V and S G F5 k (g g) V), we have (ad A)B G g g) V. 
Lemma 2.5. For a G F, A, Ui, . . . ,Uk G g g) V, with k > 1, we have 

( ad((7i) • • • ad([/,)(a9 + A))=J2 ^^(Ui) • • • ad (^) • • • ad{Uk){ad + A) 
9K ^ ' h=i ^du\ " (2.7) 

+ ad([/i) • . . ad(t/fe) (-^) - a ad(C/i) • • ■ ad(C/fc_i) f-^^) ■ 

Proof. Equation (2.7) follows from the fact that -^-jmj' is a derivation of g g) V and by the commutation 
rule (1.1). " □ 

Lemma 2.6. For U,V £ q^V and i G F9 x (g (g V), we have 

[T.jrhvi^^u)'(ne^'''iL)]^ E jj-^{^du)\^dv){adunL) (2.8) 

/iGZ+ ^ h,k<£Z+ \ ^ ^ 

Proof. Since adfj is a derivation of the Lie bracket in ¥d k (g V), we have 
RHSi2.8)^ E 7ra?Tv[^'(^^^)'(^)]= E E7)^4VTv[(-dC/)'(y),(adt/)'^+-'(L)] 

, -. m+7i j h\ 



The RHS above is the same as the LHS of (2.8) thanks to the simple combinatorial identity 

m+1 



m+n /h\ 



ni+n+l\ |— I 



Proof of Proposition 2.4- We need to compute ^^if^- definition (1.3) of the variational derivative 

and tire definition (2.6) of J f{z), we have 



= ® (-9)™K(^a® 1 

d 



dh{z) 



J2 ® (-<9)"k (a ® 1 I -^-^ (e^*^ ^^"^^ ((9 + u + zs (X) 1) - - zs (x) l) ) 



(2.9) 



a (8)1+ ^ Ui (-9)™K('a (g) 1 I ^ 



1 d 



(ad U{z)f{d + u + zs (g) 1) 



In the second identity we used the definition (2.2) of h(z), and iir the last identity we used the Taylor 
series expansion for the exponential e'^'^'^'^^^ By Lemma 2.5, the last term in the RHS of (2.9) can be 
rewritten as 

^ ® (-9)™K ( a ® 1 ^ (ad C/(^))'' ( ad ^) (ad U {z)f~^-^ L{z) 



. dUjz) 



y -U'^U{z)f^^Au + zs®l)- y — (ad[/(z)) 

oo / 

:^-(-adt/(z))'=(a®l)- ^ u,^{-drJa^l ^ ^^(adC/(z))* 



dUjz) 



(2.10) 



y^ (g) (-a)"K [ a (g) 1 



E (^^^|^(ad[/(z))''(ad^)(adC/(z))'=L(z 



For the first term in the RHS we used the invariance of the bilinear map k : (fl g) V) x (g g) V) — > 
V. Combining the first term in the RHS of (2.9) and the first term in the RHS of (2.10), we get 
g-ad£/(z)^ij g) 1), which is the same as F{z) by (2.3). Hence, in order to complete the proof of the 
proposition, we are left to show that the last two terms in the RHS of (2.10) cancel. Let 

,kdU{z) 



A™(^)= y 7r^(adC/(z)) 



du. 



(m) 



Using this notation, the second term of the RHS of (2.10) can be rewritten as 

- y M^g)(-a)™K(ag)l I A,,„_i(z)) , 

while, by Lemma 2.6, the thhd term of the RHS of (2.10) is 



(2.11) 



y u,® (-a)"At(a g) 1 I [A,,m{z), e^'i^(^)L(z)] 



By equation (2.2), the invariance of the bilinear map k and the assumption that a lies in the center of 
f), the above expression is equal to 

y u,®(-a)"+V(a®l|A,,„(z)), 



which, combined with (2.11), gives zero. 



□ 



Remark 2.7. Consider the usual polynomial grading of the algebra of differential polynomials V = 
5'(F[a]g). We can compute the part of //(z) e {^/dV)[[z^^]] of de gree less or equal than 2, using 
equations (2.2) and (2.6). For n E Z^, we denote U{z){n), h{z){n) and Jf{z){n) the homogeneous 
components of degree n in C/(z), h{z) and Jf{z) respectively. Using equation (2.2) and the fact that 
f) n fi^ = 0, it is easy to show, inductively on the negative powers of z, that U{z){0) — and h{z){0) = 0, 
so that //(z)(0) = 0. Similarly, equating the homogeneous components of degree 1 in equation (2.2), 
we get h{z){l) = tti^m, where TTf, : g(gV— >-[)g)Vis the canonical quotient map (with respect to the 
decomposition g = f) © i)'^). Hence, J /(z)(l) = J n{a g) 1 | w). Moreover, [/(z)(l) solves the equation 

[zs g) 1, t/(z)(l)] = 7r„iu - ;7'(z)(l) . 



More explicitly, the coefficient of 2 "in U{z){l) is given by (ads) "(—9)" ^TTfj±u, where ads is consid- 
ered as an invertible endomorphism of f)^. Finally, equating the homogeneous components of degree 2 
in (2.2), we get h{z)(2) = ^TTt,[U{z){l),u\. Hence, 

//(z)(2) = - ^ z-J^{a®l I [(ads)-"(-a)"-V,.«,«]) . 

Remark 2.8. Let U{z),h{z) and U{z),h{z) be two solutions of (2.2). Recall by Proposition 2.3(b) that 
gad&(^) ^ gadS(z)gadc/(.-) f^^. g^^^^g ^.^^^ g (() ® V) [[z"!]] z^^ . By Proposition 2.3(c), F{z) = e' '"^'^^^'> {a® 
1) = e-'''^^(^)(a (g) 1). Hence, by Proposition 2.4, /(z) = /^(a «> 1 | h{z)) and /(z) = /^(a 1 | h{z)) 
differ by a total derivative. In particular, if [) is abelian (this is the case when s G g is regular semisimple), 
then hiz)^hiz) = dS{z). 

Corollary 2.9. Let g be a finite- dimensional Lie algebra with a non- degenerate symmetric invariant 
bilinear form k, and let s G Q be a semisimple element. Let V = S'(F[9]g) = | i G /, n G Z+] 

(where C is a basis of q), and let us extend k to a bilinear map k : gOVxgCxjV— >V. Let 

U{z) G (g (8) V)[[z~-^]]z~-^, h{z) G (f) V)[[z~-^]] be a solution of equation (2.2), where f) ~ Ker(ads). 
Given an element a G Z{l))\Z{g), we have an infinite hierarchy of integrable bi-Hamiltonian equations 
associated to the bi-Hamiltonian structure [H,K) on V, defined in (1.19).' 

jei ■' jei 

where //„ G ^/dV is the coefficient of z^"- in Jf{z) = jK{a® 1 \ h{z)) G (V9V)[[2^"']] • 

Proof. By Propositions 2.3 and 2.4, the formal power series F{z) G (0Cx)V)[[z^^]], defined in (2.3), satisfies 
conditions (CI), (C2) and (C3) above. Hence, according to the Lenard-Magri scheme, we only need to 
check that the local functionals J /„ G ^/dVj 't- S ^+1 ^-re linearly independent. This is is obtained by 
the following simple observations. By the definitions (1.19) of H and K, it is clear that, if F = a CE) 1 
with a ^ Z{g), then H{F) ^ and it is of differential order 0; if F G g® V has differential order m G Z+, 
then necessarily H{F) G g® V has differential order m + 1, and if K{F) G g® V has differential order m, 
then necessarily F G g (8) V has differential order at least m. Hence, by the recursion formula (1.20) we 
immediately get that the elements F„ G g (8 V, n G F+, have distinct differential orders. In particular, 
the elements F„ = G g V are linearly independent, and therefore the elements //„ G ^/dV £^re 
linearly independent as well. □ 

Example 2.10. The N -wave equation. Let g = g[^, with the bilinear form k{A \ B) = Tr(Ai?), and 
let s = diag(si, . . . , sjv) be a diagonal matrix with distinct eigenvalues. Then f) = Ker(ads) is the 
abelian subalgebra of diagonal N x N matrices, and i)-^ = Im(ad s) consists of N x N matrices with 
zeros along the diagonal. We also have u = J2i j=i ^ij ® -^ji ^ ® where V is the algebra of 
differential polynomials generated by gl^. In this case, for U{z) G (f)^ ® V)[[z~^]]z~^, there exists a 
unique T(z) = E„gz+ ^"Z"" G (gljv ® V)[[z-^]], with Tq = Iat and T„ G f)-^ for aU n > 1, such that 
^adUiz) . _^ coincides with conjugation by r(z). Hence, equation (2.2) reduces, in this case, to 
finding T(z) as above, and h{z) — X]riGZ+ G f) ® V[[z~-'^]], such that 

T{z){d + M + zs ® 1) = (9 + zs ® 1 + h{z))T{z) . 

The above equation gives rise to the following recursive formula for /i„ G (} (g) V and Tn+i G f)^ ® V 
(n G Z+): 

n-l 

hn-\-[s(E) 1, Tn+l] = TnU - dTn - ^ /lfcF„_fe . 

fc=0 

Clearly, the above equation determines h„ and Tn+i uniquely. The first few terms in the recursion are 
given by (in the sums below the terms with zero denominator are dropped): 

\ - / \ - rJkai^ak \ _ \ " TP ^ ( \ " EjkEki + EjiEi- 



k \ a " / i,j \ k 



{Si - Sj){Si - Sk) (Si-Sj)^ 



EV (s>\ i \^ EkaEal3Epk sr^ EkaE'^f. EkaEakEkk 
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The integrable hierarchy associated to the non-scalar element a = diag(ai, . . . , ajv) G = f) is defined 
in terms of the Hamiltonian functionals in involution J fn — /Tr((a ® l)hn), n G The first few 

elements are (again the terms with zero denominator are dropped from the sums): 



akEkaEak 



k^a 

EkoiEaf; 

The corresponding hierarchy of Hamiltonian equations is ^ = H{Fn) ~ dFn + [u,F„], n G Z+, where 
= Z]„GZ+ PnZ~" = r(z)"i(a ® l)T{z) (see equation (2.3)). In particular, Fq = a ig) 1 and Fi = 
[a (X) l,ri] = Eij (g) Eji G gljv ® V. Hence, the first two equations of the hierarchy are 

(.l<^,J<N)■. 

—IL = (a, - aj)E,j , = 7,ySy- + "^(^^^ - lkj)E^kEkj , 

where jij = for i ^ j and = for i = j. The last equation is known as the A^-wave equation. 



3. Classical W-algebras 

In this section we give the definition of classical W-algebras in the language of Poisson vertex algebras. 
We also show how this definition is related to the original definition of Drinfeld and Sokolov [DS85]. We 
thus obtain a bi-Hamiltonian structure for classical W-algebras, that we will use in the next section to 
apply successfully the Lenard-Magri scheme of integrability. 

3.1. Setup. Throughout the rest of the paper we make the following assumptions. 

Let be a reductive finite-dimensional Lie algebra over the field F with a non-degenerate symmetric 
invariant bilinear form k, and let / G be a non-zero nilpotent element. By the Jacobson-Morozov 
Theorem [CMG93, Theorem 3.3.1], it is possible to embed / in an s^-triple (/, h = 2x, e) C 0. Then we 
have the ad x-eigenspace decomposition 

0=00.- (3.1) 

iGiZ 

Clearly, / G 0_i, /i G 0o and e G 0i. 

There is a well-known skew-symmetric bilinear form cj on 0j. defined by 

uj{a,b) = k(/ I [a,b]) , a,6 G 0i , 

which is non-degenerate since ad/ : 0i — > 0_i is bijective. Fix an isotropic subspace [ C 0i (with 
respect to co) and denote by [^"^ ~ W ^ I i^(a, 6) = for all & G [} C 0i. its symplectic complement 
with respect to w. We consider the following nilpotent subalgebras of 0: 

m= l®0>i cn = (^"©0>i, (3.2) 

where 0>i = ®,>i0j. 

Let = m © p, where p is an arbitrary subspace of complementary to m. Since k is non-degenerate, 
we also have the corresponding decomposition with the orthogonal complements = p^ © m*^. Hence, 
identifying — 0* via k, we get the isomorphisms p* 2± 0/p^ ~ m^. Let {qi}ieP be a basis of p, and let 
{'f}ieP be the dual (with respect to k) basis of m^, namely, such that K{q^ \ qi) = 5ij. These dual bases 
are equivalently defined by the completeness relations 

K{q-' I a)qj ~ TTpO, K{a \ qj)q-' = T^m^a for all a G , (3.3) 

where TTp : ^ p and 'k^± : -» m-'" are the projection maps with kernels m and p-*- respectively. 

Finally, we fix an element s G Ker(adn) C 0. In the next section, when applying the Lenard-Magri 
scheme of integrability, we will need some further assumptions on the element s (see Section 4.2). 
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3.2. Definition of classical W-algebras. Let us consider the affine PVA V(g) = V{q, k, zs), where 
z G F, from Example 1.4. As a differential algebra, it is V(0) — S{¥[d]Q), and the A-bracket on it is given 

by 

{axb}z = [a,b] + K{a \ b)X + zk{s \ [a,b]) , a, & G g , (3.4) 

and extended to V(g) by the Master Formula (1.9). Note that, since, by assumption, [s,n] = 0, ¥[d]n C 
V{g) is a Lie conformal subalgebra (see Definition 1.5), with the A-bracket {axb}^ = [a,b], a,b €n (it is 
independent on z). 

Consider the differential subalgebra V(p) = 5(F[9]p) of V(g), and denote by p : V{q) -» V(p), the 
differential algebra homomorpliism defined on generators by 

p{a) = ■Kp{a) + K{f \ a), aEQ. (3.5) 

Lemma 3.1. (a) For every a G n and g G V(m) = 5'(F[9]m) C V{g), we have p{a\g}z = 0. 

(b) For every a G n and g G V{q), we have p{axp{g)}z = p{o-xg}z- 

(c) We have a representation of the Lie conformal algebra ¥[d]n on the differential subalgebra V(p) C V(g) 
given by (a G n, g G V(p)/" 

aig = p{axg}z (3.6) 
(note that the RHS is independent of z since, by assumption, s G Ker(adn)J. 

(d) The X-action of¥[d]n on V(p) given by (3.6) is by conformal derivations (see Definition 1.5(c)). 

Proof. To prove (a), we can use the Master Formula (1.9) to reduce to the case when g G m. In this case, 

(a) is immediate since, by the definitions (3.2) of m and n, we have [m, n] C m and k(/ | [m, n]) = 0. Next, 
let us prove part (b). Since, by construction, g = m © p, we have V(g) = V(m) ® V(p). Part (b) then 
follows immediately by part (a) and the left Leibniz rule (1.5). As for parts (c) and (d), clearly the A- 
action (3.6) satisfies sesquilinearity and the Leibniz rule, since p is a differential algebra liomoniorphism. 
We are left to prove the Jacobi identity for this A-action. For a, G n and g G V(p) we have, by part (b), 

o-lihlg) - hP^ia^g) = p{ax{b^,g}z}z - p{h^,{axg}z}z = p{{axb}zx+t,9}z = {axb}zl^^,g. 

□ 

We let W C V(p) be the subspace killed by the Lie conformal algebra action of F[9]n: 

W = V(p)*'[^l" = {g G V(p) \a1g = Q for all a G n} . (3.7) 

Lemma 3.2. (a) W C V(p) is a differential subalgebra. 

(b) For every g G W and h G V(tn), we have p{gxh}z = p{hx9}z = 0. 

(c) For every .g G W and h G V(g), we have p{gxp{h)}z = p{gxh}z, and p{p{h)xg}z = p{hxg}z- 

(d) For every g, h eW, we have p{gxh}z G F[A] (g) W. 

(e) The map {■ x ■}z,p : W ® W ^ F[A] ® W given by 

{9xh}z,p = p{9xh}z (3.8) 

defines a PVA structure on W. 

Proof. Part (a) follows from the fact that the A-action (3.6) of F[9]n on V(p) is by conformal derivations. 
As for part (b). we can use the Master Formula (1.9) to reduce to the case when /i G m, and in this case 
the statement is obvious by the definition of W (and the fact that m C n). Since V(g) = V(m) (g) V(p), 
part (c) follows immediately by part (b) and the left and right Leibniz rules (1.5)-(1.6). Next, let us 
prove part (d). For a G n and g, h G W, 

P{axp{9t^h}z}z = p{ax{gph}z}z = p{{ax9}zx+ph}z + p{9t^{axh}z}z 
P{p{axg}zx+ph}z + p{gpp{axh}z}z . 

In the first equality we used Lemma 3.1(b), while in the third equality we used part (c). It follows that 
p{gfih}z lies in ¥[fi\ (g) W, proving (d). Finally, let us prove part (e). Since p is a differential algebra 
homomorpliism, the A-bracket (3.8) obviously satisfies sesquilinearity, skewsymmetry, and the left and 
right Leibniz rules. We are left to check the Jacobi identity. For ft,, fc G W we have, by part (c), 

{hx{kf,g}z,p}z,p = p{hx{kf,g}z}z = p{{hxk}zx+p.g}z + p{kp{hxg}z}z 
= {{hxk}z,px+f,g}z.p + {kp{hxg}z,p}z,p ■ 

□ 

Definition 3.3. The classical W-algebra is the differential algebra W defined by (3.7) with the PVA 
structure given by (3.8). 
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Remark 3.4. The Poisson vertex algebra W can be constructed in the same way for an arbitrary choice 
of s in (taking the Lie conformal algebra F[9]n © F of V). However the differential algebra W is 
independent of the choice of z S F if and only if [s, n] =0. This independence of z will be very important 
in the next section, where we construct integrable hierarchies of Hamiltonian equations, since there we 
need to view z as a formal parameter. 

Remark 3.5. In literature, the name classical W-algebra is referred to the Poisson structure corresponding 
to the case z = 0. As we will see the whole family of PVAs W, parametrized by z S F, plays an important 
role in obtaining an integrable hierarchy of Hamiltonian equations associated to the classical W-algebra. 

Recall that we fixed a basis {qi}iep of p and the dual basis {g'jiep of m^. We can find an explicit 
formula for the A-bracket in W as follows. Recalling the Master Formula (1.9) and using (3.5) and the 
definition (3.4) of the A-bracket in V, we get {g, h G W): 

{g\h)z,p = {g\h}H,p - z{gxh}K,p , (3.9) 

where 

{9xh}x,p^ E 7^(^ + ^)"^^'(^ + ^)(-^-^rT%T' (3-10) 

for X one of the two matrices H, K e Mat^xfe V(p)[A] (fc = ^{P)), given by 

7Jjj(A) = TTp[q^, qj] + K{q, \ qj)X + n{f \ [q,,qj]), Kj,{d) = k{s \ [qj,qt]) , (3.11) 

for i, j 6 P. 

Recall that a fc x fc matrix with entries in V(p)[A] corresponds, via (1.12), to a linear map p ® V(p) — > 
p* (g) V(p), and that we can identify p* ~ via the bilinear form k. Therefore, we can describe the 
above matrices H and K as the following linear maps p (g) V(p) — > V(p): 

H{a <^g) = Y^ TT^i [q\a] ® qtg + Tr,^± [/, a] ® g + 7:^± (a) (g) dg, K{a (g) g) = t:^± [a, s] (g) .g , (3.12) 

for every a € p and g E V(p). 

Note that, even though the A-bracket (3.9) on the PVA W is formally associated to the matrices H 
and K in (3.11) via the Master Formula (1.9), H and K are NOT Hamiltonian structures (on V(p)). 
Indeed, V(p) is not a PVA, namely the A-bracket {• \ ■}z,p on V(p) (given by the same formula (3.9)) is 
not a PVA A-bracket. 

Remark 3.6. The classical W-algebra can be equivalently defined, without fixing a complementary sub- 
space p C of m, via the so called "classical Hamiltonian reduction" (see [DSK06]). The general con- 
struction is as follows. Let V be a Poisson vertex algebra, let / C V be a differential ideal of V (viewed 
as differential algebra) . and let i? be a Lie conformal algebra acting on V by conformal derivations of the 
product and A-bracket (for example, i? is a Lie conformal subalgebra of V), such that {R\I} C F[A] /. 
The corresponding classical Hamiltonian reduction is defined as the differential algebra 

W(V,i?,/) = (V//)^ = {/ + /| {aa/} gF[A] ®/ for all a e R] , 

endowed with the A-bracket {/ + I\g + /} = {/a<?} + F[A] (g /. It is not hard to show that this A-bracket 
is well defined. The classical W-algebra is obtained by taking V = V(0, k, s), R = ¥[d]n, and 

/ = Ker(/9) = (m - k(/ | 771) | m e m) C V{g) , 

the differential ideal generated by the elements m — k(/ | to), for to G m (note that Kcrp is independent 
of the choice of p). To see this, let also 

W = {.g e V{q) I {axg}, G F[A] ® Kerp for all a G n} C V{q) . (3.13) 

Since [s,n] = 0, the space W is independent of z. Clearly, the map p : V{g) — !> V(p) induces differential 

algebra isomorphism "'^(0)/Kcr p — V(p), which restricts to a differential algebra isomorphism W/Ker p — 
W. 

Remark 3.7. The PVA W was constructed in [DSK06] as a quasiclassical limit of a family of vertex 
algebras, obtained by a cohomological construction in [KW04]. The isomorphism of this construction 
with the construction in the present paper via classical Hamiltonian reduction is proved in [Suhl2]. 
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3.3. Gauge transformations and Drinfeld-Sokolov approach to classical W-algebras. In this 
section we sliow tliat tlie definition of the classical W-algebra given in Section 3.2 is equivalent to the 
original definition of Drinfeld and Sokolov [DS85], given in terms of gauge invariance. 

Recall from Section 2 the definition of the Lie algebra ¥d k (g ® V(g)). The subspace g ® V(p) is 
clearly a Lie subalgebra. Let 

q = ^q''S>qt £ (g) V(p) . (3.14) 

ieP 

Note that q = (Tr^^i (E> l)u, where it G g (g) V(q) was defined in Proposition 2.1. Let 

L = d + q + f(E)le¥dtK{g(E) V(p)) . 

A gauge transformation is, by definition, a change of variables formula q t-^ q^ G m*^ Cg V(p), for 
A e n (g) V(p), given by 

e'''^'^L = d + q^ + f(E)l. (3.15) 
In [DS85], Drinfeld and Sokolov defined the classical W-algebra as the subspace W C V(p) consisting of 
gauge invariant differential polynomials g, that is, such that g{q^) = g{q) for every A (£n(^ ^(p)- Here 
and further we use the following notation: for g £ V(p) and r = J^i q^ ®fi G (g) V(p), we let g{r) be 
the differential polynomial in gi, . . . , gfe obtained replacing q^^"^^ by d^^r.i in the differential polynomial g. 

In this section we will prove that the space of gauge invariant polynomials coincides with the space W 
defined in (3.7). The key observation is that the action of the gauge group g t-> g{q^) 6 V(p) is obtained 
by exponentiating the Lie conformal algebra action of F[9]n on V(p) given by (3.6). This is stated in the 
following 

Theorem 3.8. For every a (g) ft- G n Cg V(p) and g G V(p), we have 

g^^am^^ E •••«Lff)(lA.=a'^)---(L„=o'^)' (3-16) 

where, for a polynomial p{Xi, . . . , A„) = ^ c A^^ . . . A^", we denote p(Ai, . . . , A„)(|^ -a^i) ' ■ ■ (Ia —a'*") 

= Ec(9*^/ii)...(a*"ft„)- 

Proof. First, by Lemma 3.1(b), the RHS of equation (3.16) is 

(—1)" 

Next, we expand the LHS of equation (3.16) in Taylor series, using the definition (3.15) of g"®'': 
giq''^'')^g(q + Y.^iada®hnd + f®l + q))= E f 

n>l s^Z-^ , ii,...,isGP 

ni ,...,ns >1 

^ Un) (^"' (ad a ® (a + / 1 + g)) (ad a ® ft)"= (d + f ® 1 + q)) ^ . 

dq}^ ^' . --Oql " 

Combining the above equations, we deduce that equation (3.16) is equivalent to (for every N G Z+): 
p{ax^...{ax^9}z-.-}.{\^^^Qh)...{\^^^gh)= ^ 7wJ^~^^~^^'' 

s£Z+,ii,...,isGP ' ^' 
mi,...,msGZ_|_ 

..,«,>! (3.17) 

(niH \-n^=N) 

^ . i,nf'\ (.„ ) (9""' (ad a ® hr {d + f®l + q))^^... (9"= (ad a ® /i)"= (d + f^l + q))^ . 
oqi^ ... aq -^ 

We start by proving equation (3.17) when g — qi, for every i G P. Namely, we need to prove that, for 
every n > 1, we have 

p{aAi . . . {aA„9j. . . . }.(Iai=9'^) ■ ■ • (lA„=a^) = (-l)"((ada (g hT{d + / ® 1 + q)),^ . (3.18) 
By the second completeness relation (3.3) and the invariance of the bilinear form k, we have 

(-l)"((ada eg hy\d + / ® 1 + q)),^ = (-l)"K((ada (g ft)"(9 + / ® 1 + g) | g) l) 
= (5„.iK(a I q^)dh + K{f I (ada)"(g,))/i" + Tip (ad a)" (?,)/»" , 
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which is the same as the LHS of (3.18). Note that, in view of the above computation, the LHS of (3.18) 
is the same as ((ag)"q,;)^/i", where, as usual, the arrow means that d should be moved to the right (to 
act on /i"). 

In view of (3.18) (and the above observation), equation (3.17) can be rewritten as follows 



sez+,n,...,iseP "lii ■■■"li^ 

mi,...,msGZ-|. 
ni ,. . .,ns >1 

(niH l-ns=N) 

(3.19) 

Let us denote the two sides of equation (3.19) by LHSN{g) and RHSn{9)- The identity LHSN{qi) — 
RHSN{qi) for every i G P and every N € Z+ is given by the above observations. Moreover, it is easy to 
check that LH SM{dg) = dLHSN{g) and, using equation (1.2) s times, we also have that RHSN{dg) = 
dRHSN{g)- Furthermore, it is not difficult to prove, using the left Leibniz rule (1.5), that LHSjsiig) 
satisfies the functional equation 

N / \ 

LHSN[gig2) - [J\LHSn[gi)LHSN-n{g2) ■ 



n=0 



In order to prove that (3.19) holds for every g S V(p), it suffices to show that RHSM{g) satisfies the 
same functional equation. We have, by the Leibniz rule for partial derivatives. 

RHS.[g,g,)= ^ ^i^^^^^^^ 

mi,.. .jTUsG^^ 
ni ,...,ns>l 
(niH i-n,=N) 

m ^ fs\ d^gi d'-'^gi 



A' / ^ 

(a'"=((ag)"=Q,J^/i"^^) = Y[JjRHSn{gi)RHSN-n{g2) 

n=0 ^ ^ 



s6Z+, ii,...,is&P 
mi,.. .,ms 
ni , . . .,ns >1 
(niH hns=N) 



□ 

Remark 3.9. The gauge transformation g{q) i— g{q^) is not a group action on V(p). In view of Theorem 
3.8, it is rather a "Lie conformal group" action. 

As immediate consequence of Theorem 3.8 we have the following result. 

Corollary 3.10. The space of gauge invariant differential polynomials g E V'(p) coincides with the 
differential algebra W defined in (3.7). 

3.4. Generators of the classical W-algebra. Using the description of the classical W-algebras in 
terms of gauge invariance, we will prove, following the ideas of Drinfeld and Sokolov, that the differential 
algebra W is an algebra of differential polynomials in r = dimKer(ad/) variables, and we will provide 
an algorithm to find explicit generators. A cohomological proof of this for quantum W-algebras, which 
also works for classical W-algebras, was given in [KW04, DSK06]. 

Note that, by the definitions (3.2) of m and n, we have [/, n] C m^. Furthermore, from representation 
theory of sb, we know that ad / : n — > is an injective map. Fix a subspace V C complementary 
to [/, n], compatible with the direct sum decomposition (3.1): V ~ ®i>o^ii where Vi C fl is a 
subspace complementary to [/,nngi+i]. Clearly, dim(y) = dimKer(ad/). (By representation theory of 
SI2 we can choose, for example, V = Ker(ade)). 

Before stating the main result of this section, we introduce some important gradings. In the algebra 
of differential polynomials V(p) we have the usual polynomial grading., V(p) = ©„gz^ ^(p)(^)- For a 
homogeneous polynomial g £ V(p), we denote by dcg{g) its degree, and for an arbitrary element we 
let g{n) be its homogeneous component of degree n. Also, we extend this decomposition to m-'^ (g) V(p) 
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by looking only at the second factor in the tensor products. We thus have the polynomial degree 
decomposition 

m-^ (g> V(p) = ® V(p)(n) . (3.20) 

The algebra g, as well as its subspace m^^ and its subalgebra n C tri"'", has the decomposition (3.1) by 
adx-eigenspaces. We extend this grading to the Lie algebra g V(p) by looking only at the first factor 
in the tensor product: 

0®V(p) = 0.®V(p). (3.21) 

For a homogeneous element X G g V(p) we denote by 6x{X) its ad x- eigenvalue, and for an arbitrary 
element we let X[i] be its homogeneous component of ad x-eigenvalue i. In the algebra of differential 
polynomials V(p) we introduce a second grading, which we call conformal weight, and we denote by 
A, defined as follows. For a monomial g — a^™^'' ...ai"^"\ product of derivatives of elements a; £ p 
homogeneous with respect to the ad x-eigenspace decomposition (3.1), we define its conformal weight as 

A{g) = s - 6x{ai) Sx{as) + mi H h . (3.22) 

As we will see below, this grading restricts to the conformal weight w.r.t. an explicitly defined Virasoro 
field of W, hence the name "conformal weight". Thus we get the conformal weight space decomposition 
"^'(p) = ®iGiz "'^(P){*}- Finally, we define a grading of the Lie algebra F9k (gOV(p)), which we call wei^/if 
and denote by wt, as follows. We let wt{d) = 1, and, for a'Sig S g(8)V(p), we let wt{a(^g) — —Sx{a)+A{g). 
We thus get the corresponding weight space decomposition 

0®V(p)= 0(0®V(p)){z}, (3.23) 

where (g (g) V(p)){i} = Qj ® (V(p){i + j})- It is immediate to check that this is indeed a Lie algebra 
grading of the Lie algebra ¥d k (g (g) V(p)). 

Lemma 3.11. Assume that g-^ C p (this is the case, for example, i/p C g is compatible with the a,dx- 
eigenspace decomposition (3.1)j. Consider the direct sum decomposition = [f,n]®V, and let {w-' jjgp 
be a basis o/rri"'", such that {v^}jeJ basis ofV and {v^}jep\,j is a basis of [/, n]. Consider the dual 
(with respect to k) basis {vj}j^p of p. Then {vj}j^j is a basis of . 

Proof. First note that, if p C g is compatible with the ad x-eigenspace decomposition (3.1), then p = 
p| ©g<0: where pi C gi. Hence, g-' C g<o C p (proving the statement in parenthesis). 

We identify g with g* via the bilinear form k. The decomposition g = m © p corresponds, via this 
identification, to the "dual" decomposition g = p^ ffi m^, with p-'- ~ m* and ~ p*. Similarly, the 
decomposition = [/, n] © corresponds, via the same identification, to the "dual" decomposition 
p = (p-L © ]/)-L (p^ ® [/, n])-^, with (p-^ © V)^ ~ [/,n]* and (p^ © [f,n])^ ~ V* . Hence, in order to 
prove the lemma, we only have to show that 

(p^ffi[/,n])^=g^ 

Since, by assumption, g-^ C p, the inclusion g^ C (p^ © [/, n])^ is obvious. On the other hand, (p^ © 
[/, n])-'- ~ V"*, so that dim(p-^ © [/, n])^ = dim(y) = dim(g/ ), proving the claim. □ 

Theorem 3.12. (a) There exists a unique X £ n®V(p) such that w = lies in V(^V{p). Moreover, the 
element X andw are homogeneous elements o/g©V(p) with respect to the weight space decomposition 
(3.23), with weights wt(X) = 0, wt{w) — 1. 

(b) Let X £ n©V(p) be as in (a). Assume thatp C Q is compatible with the a,d x-eigenspace decomposition 
(3.1). Let {v^}jeP be a basis of xn'^ consisting of ad x- eigenvectors, such that {v^}j^j is a basis of 
V, and {v^}ji£p\j is a basis of [/, n]. Let {vj}j^p be the corresponding dual basis of p, so that, by 
Lemma 3.11, {uj}jeJ basis of . Then, if we write 

q^ =w ^^v^ (E)Wj £V (g) V(p) , 

we have that Wj £ V(p) is homogeneous with respect to the conformal weight decomposition, of 
conformal weight A(wj) — 1 + Sx{v-'), and it has the form 

Wj = Vj + gj , (3.24) 
where gj — ^ foj™^"* . . . bi"^"^ £ V(p){l + Sx{v^)} is a sum with s + mi + • • ■ + m^ > 1. 

16 



(c) The differential algebra W is the algebra of differential polynomials in the variables wi, . . . ,Wr. 

Proof. Consider the expansion the elements q, X, and w according to ad cc-eigenspace decomposition 
(3.21) of (g) V(p): q = T,^>-^ where q[i] € (m^ n g,) ® V(p), X = J2^>^ X\i], where X\i] € 
(n n 0i) (g) V(p), and w = J2i>o ^M' where w[i] €Vi^ V(p). We want to prove, by induction on i > — i, 
that the elements + G {nriQi+i)®V{p), i > —5, and w[i] G Vi^V{p), i > 0, are uniquely determined 
by the equation q^ ~ w, and they are homogeneous of weights wt{X[i + 1]) = and wt(M;[z]) = 1. 

Equating the terms of ad x-eigenvalue —5 in both sides of the equation q-^ = w, we get the equation 

[/®l,X[i]]=<z[-l]. 

Since ad/ restricts to a bijection qi S-^' ^^^^ uniquely defines X[^] G (nngi) ® V(p). Moreover, 
since 5] is homogeneous of weight 1 and ad(/ ® 1)(0 ® V(p)){i} C (g V(p)){i + 1}, we get that 
wt(X[i])=0. 

Next, fix i > and suppose by induction that we (uniquely) determined all elements X[j + 1] G 
(n n Qj+i) (8) V(p) and w[j] G (8) V(p) for j < i, and that wt{X[j + 1]) = and wt{w[j]) = 1. Equating 
the terms of ad x-eigenvalue i in both sides of the equation q-^ = w, we get an equation in w[i] and 
X[i + 1] of the form 

w[i\ + [f (E,l,X[i + l]]^ A, 
where A G 0i V(p) is certain complicated expression, involving the adjoint action of X[j + 1], with j < i, 
on 9, g and / 01, which is homogeneous of ad x-eigenvalue 5^ (A) ~ i, and of conformal weight wt(A) = 1. 
Since Qi = [/, 0j+i] ffl Vi, and since ad / restricts to a bijection g^+i [/, g^+i], the above equation 
determines uniquely X[i + 1] G 0i+i (8 V(p) (note that n n g^+i = Qi+i for i > 0) and w[i] G K ® V(p). 
Moreover, since wt(A) = 1, we also get that, necessarily, wt{x[i + 1]) = and wt(w[z]) = 1. This proves 
part (a). 

For part (b), consider first the homogeneous components of X G nCg) V(p) and w G V ^V{p) of degree 
0, with respect to the polynomial degree decomposition (3.20): X{0) G ngDF ~ n and ^(O) € V ^¥ :^ V. 
Clearly, deg(/ (8 1) = and dcg{q) = 1. By looking at the terms of polynomial degree in both sides of 
the equation q-^ = ui, we get 

(e'^'i^(o) -l)/ = w;(0). 

With an inductive argument on the adx-eigenvalues, similar to the one use in the proof of (a), it is not 
hard to show that, necessarily, X{0) = and w{0) — 0. Next, we study the homogeneous components of 
polynomial degree 1: X{1) G n® V(p)(l) = n®F[9]p and w G ^ V(p)(l) =G y®F[a]p. By looking at 
the terms of polynomial degree 1 in both sides of the equation q-^ = w, we get 

w{l) + [f®l,Xil)]=q-X{iy, (3.25) 

By definition, w{l) = ® ''^ji^)-! ^'^^ 9 = SjeP ® Vj- Equation (3.25) thus implies that 

Wj{l)-vj G d¥[d]p, 

namely Wj admits the decomposition as in (3.24). The conditions on the conformal weights of the 
elements Wj and gj immediately follow form the fact that A(z«) = 1. 

Finally, we prove part (c). First, we prove that the elements {wj}j^j are differentially algebraically 
independent, that is they generate a differential polynomial algebra. For this, introduce in V(p) the 
differential polynomial degree dd(t)j"'') = n + 1 for every basis element Vj G p and n G Z+. Suppose, by 

contradiction, that P{wi, . . . ,Wr) '^i^^^ ■ ■ ■ ''^i"^'' = is a non trivial differential polynomial relation 
among the u)j's. If we let Pq be the homogeneous component of P of minimal differential polynomial 
degree, then this relation can be written as Po(^i: . . . , Vr)+ stuff of higher differential polynomial degree = 
0. Hence Po{vi, . . . , Vr) = 0, contradicting the fact that the elements vi, . . . ,Vr G g-^ C p are differentially 
algebraically independent in V(p). 

Next, we prove that all the coefficients Wj, j G J, lie in W. In view of Corollary 3.10, this is 
equivalent to prove that the differential polynomials wj G V(p) are gauge invariant: ■Wj{q^) = Wj for 
every A £ n (Si V(p). First, note that, obviously, w(q"^) = X^je/^"' ® '^jil^) ^i^^ in V ^ ^{p)- On the 
other hand, by definition of gauge transformation, we have 

w{q^) = q^^^^Xq^) = e"'^^^^^) (9 + f ®l + q^) ~ d ~ f ®l = X(g-^)gad + /®l + g) - 9- /01. 
By the Baker-Campbell-Hausdorff formula, there exists A £ n® V(p) such that Q3.dX(q^)^a.dA ^ g*"^^. 
Hence, the above equation reads w{q^) = q""^ £ V ® V(p). By the uniqueness of X G n ® V(p) and 
w £V (i) V(p) in part (a), it follows that, necessarily, A — X and w{q^) — w, as we wanted. 
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To conclude the proof of part (b), we are left to show that all the elements of W are differential 
polynomials in wi, . . . ,Wr. Indeed, if g £ W, then by Corollary 3.10 it is gauge invariant. Hence, 
in particular, g ~ g{<t^) = g{w), namely it is expressed as a differential polynomial in the elements 
Wj, j £ J (here we are using the obvious fact that, if we write w in basis {q^}i£ p of as X^ieP <t ®hi, 
the elements hi are linear combination of the Wj 's). □ 

Corollary 3.13. The Poisson vertex algebra W, with the X-bracket {gxhy^^p, is independent of the choice 
of the isotropic subspace I C Qi for z = 0, and for arbitrary z, provided that s g Ker(ad0>|) is fixed. 

Proof. Let li C [2 C gi be isotropic subspaces and mi C Ui and m2 C 1x2 the corresponding nilpotent 
subalgebras of g defined in (3.2). Then 

mi c m2 C n2 C ni . (3.26) 

Let = {m — K{f I to) I TO G mi) C V(g) and Wi C V(g) be defined as in (3.13), for i ~ 1,2. Clearly, by 
(3.26), Ii C I2, from which follows easily that Wi C yV2- Hence, by Remark 3.6, we have a differential 
algebra homomorphism ip : Wi — ?► W2, where Wj , i = 1,2, is the classical W-algebra corresponding to U. 
For z = 0, or, for arbitrary z, provided that s = si = S2 G Ker(adg>i), this is a PVA homomorphism. 

Indeed, in this case, Wi C 1^2 is a Poisson vertex subalgebra. 

We want to show that tp is a differential algebra isomorphism. Fix pi, p2 C g be complementary spaces 
to mi and m2 respectively. Hence, g = mi © pi = m2 ® p2- By the arbitrariness of the choice of these 
complementary subspaces (see Remark 3.6), we may assume pi D p2. Let us denote by pi, i = 1,2, the 
differential algebra homomorphism defined in (3.5) corresponding to pi. We have a differential algebra 
homomorphism induced by the following diagram 

V(g)^^V(pi) (3.27) 




V(P2) 

(it exists since Kerpi = /i C Kerp2 — 12)- It is easy to check that ^ is the differential algebra 
homomorphism induced by the projection map TTp^ : pi — > p2, and the restriction to Wi = V(pi)'^[^l" C 
V(pi) is the differential algebra homomorphism ip : Wi — > W2 constructed above. Let qi G m,^ ® V(pi), 
for 1=1,2, as in (3.14). We note that the choice of the vector space V in Theorem 3.12 does not depend 
on the choice of the isotropic subspace [ (indeed ad / : gi — > g_i is an isomorphism). Hence, we may 
choose V C m^ such that m^ = [/, rii] ® F, for i = 1, 2. Since the restriction of the differential map ip to 
pi C V(p2) is the projection map TTpj, we also note that (1 ® f)qi = <?2- Let X G ni CE) V(pi) such that 
q'l E V ® V{pi). Then (1 (g) (p)q^ = q^®"^^-^ EV ® V(p2). By the uniqueness argument in the proof of 
Theorem 3.12, it follows that (1 (g) (p)X G n2 (8> V(p2)- By Theorem 3.12(b), tp maps the generators of 
Wi to the generators of W2. Hence it is an isomorphism. 

Finally, if we take Ii = 0, it follows that the PVA structure obtained for z = 0, or, for arbitrary 2, 
provided that s = si = S2 G Kcr(adg> 1 ), on W2 does not depend on the choice of the isotropic subspace 
[2. □ 

Remark 3.14. It is proved in [GG02] for finite W-algebras, by a method not applicable in our setup, that 
they are independent on the choice of the isotropic subspace I C gj.. 

Definition 3.15. Let V be a PVA. An element L E V is called a Virasoro field of central charge c e F if 

{LxL} ^ {d + 2X)L + cX^ . (3.28) 

An element a G V is called an eigenfield of conformal weight G F if 

{Laa} - (9 + A„A)a + o(A2). (3.29) 

It is called a primary field of conformal weight Aq if {Lao} = (9 + AaA)a. 

Proposition 3.16. Consider the PVA W with X-bracket {■ \ ■}z.p defined by equation (3.8). 
(a) We have the following element 
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where, as usual, {itijig/ is a basis of q, {u^}i^i is the dual basis with respect to k, and p is the map 
(3.5), and the X-bracket of L with itself is 

{LxL},^p =={d + 2X)L - k{x \ x)X^ + 2k(/ | s)zX . (3.30) 

In particular, L Cz W is Virasoro field for z ~ (or for arbitrary z provided that K{f \ s) ^ 0) of 
central charge c — —k{x \ x). 

(b) Assume that peg is compatible with the adx-eigenspace decomposition (3.1), and consider the 
generators Wj = Vj + gj G W, j ^ J provided by Theorem 3.12(b), where {wj}je,/ is a basis of 
consisting of a,dx- eigenvectors: [x,Vj] = (1 — Aj)wj, j £ J (with Aj > 1). Thenwj is an L-eigenfield 
of conformal weight Aj for z = 0. 

(c) The PVA W is graded, as an algebra, by conformal weights: W = F ® W{1} © W{|} © yV{2} © 

Moreover, fori = 1 or |, W{i} is spanned over¥ by the generators Wj such that A{wj) = l+6x{v^) — 
i, and all of them are primary elements for z — 0. 

Proof. We first prove part (a) in the case when ( C 0^ is maximal isotropic, that is when m = n. It is 
straightforward to check that 

i» = i^uV,+x'eV(0) 

iei 

is a Virasoro element of the affine PVA V(g) (with A-bracket (3.4)) with central charge ~k{x \ x): 

{LlL°}, = (5 + 2A)L8 - k{x \ x)X^ + z{d + 2A)[x, s] , 

and that, for z = 0, a G flj is an eigenfield of conformal weight A = 1 — j (primary provided that 
k{x \ a) ^ 0), more precisely: 

{a\L^}z = —ja' + (1 — j)aX + K{a \ x)X^ + z[s, a] + zk{[s, a] \ x)X , 



{Lj^a}z = (A + d)a — jaX — K{a \ x)X — z[s, a] + zk{[s, a] \ x)X . 



(3.31) 



For a e n n 0j, we have, by the definition (3.6) of the action of ¥[d]n on V(p), 

a'^^L = p{a\L}Q = p{axL^}o ^ p(^ - ja + [1 - j)aX + K{a \ x)X'^^ , 

where in the second equality we used Lemma 3.1(b). Since n C 0>i, we have K(a | a;) = 0, and since, 
by assumption, m = n, we also have p{a) — K{f \ a). Hence the RHS above is equal to (1 — j)n(f | a)A, 
which is clearly zero. Therefore, recalling the definition (3.7) of the space W, we conclude that L G W. 
It remains to prove that L G W satisfies equation (3.30). By definition of the PVA structure on W (3.8), 
we have, using Lemma 3.2(c) 

{LxL],^p = p{LxL}, = p{L\L^}, , 

which, recalling the definition (3.5) of the map p, gives (3.30). 

The case of arbitrary isotropic subspace [ C gi follows from the case [ = since the Virasoro field 
i(t=o) — P({=o){L^) 6 W([ = 0) corresponds precisely, via the isomorphism ip : W([ = 0) — !> >V([ ^ 0) = 
W defined by the commutative diagram (3.27), to L = p{L^). 

It is easy to see, using equation (3.31) and Lemma 3.2(b), that the restriction of the conformal weight 
(3.22) to W coincides with the Virasoro conformal weight for the Virasoro element L introduced in part 
(a). Hence, part (b) immediately follows from Theorem 3.12(b). 

For (c), one only needs to prove that all elements in VV{1} and W{|} are primary fields. First, if 
Wj G W| we have {LxWj} = dwj + ^Xwj + L(2)WjX^ + . . . . But for n > 2 the element L(^n)Wj G W 
has conformal weight A{L(^j^-^Wj) = 2 + |— n— l<i. Hence it must be Lf^^^Wj = 0, proving that Wj 
is primary. Finally, if Wj G Wi, then, by Theorem 3.12(b), it must be of the form Wj = Vj + '^j.a^bk, 
with Vj G 00 = 0-^ n 00 and ak,bk G Pi = P ^ 0i . But by equation (3.31), for z = all the elements 
Vj G 00 and ak,hk G 0i are primary field with respect to the Virasoro element in V(0) (we use the 

fact that K.(vj\x) = ^K(vj\[e, f\) = for Vj G 0o). Hence, by the Leibniz rule Wj is also a primary field 
with respect G V(0) for z = 0, and therefore, by Lemma 3.2(c), Wj is a primary field with respect to 
L G W (for z = 0). □ 

Corollary 3.17. Assume that p C is compatible with the a,d x-eigenspace decomposition (3.1) (in 
particulars^ <Zp). Let {vj}j^j be a basis of consisting of a.dx- eigenvectors: [x,Vj] = {1 — Aj)vj, j E J 
(with Aj > Ij. Let {wjjjgj be an arbitrary collection of elements ofW of the form Wj = Vj + gj, where 

g,=^fo(™^)...e=)GV(p){A,}, 
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is a sum such of products of adx-eigenvectors bi G p, such that 



(1 - + • ■ • + (1 - 4(6.)) + mi + ■ • • + m, = , 

and s + mi + • ■ • + nig > 1. (Such a collection of vectors exists by Theorem 3.12(b)). Then: 

(a) The elements {wj}j£.j form a set of generators for the algebra of differential polynomials W. 

(b) For Aj = 1 or |, the generators Wj are uniquely determined by the corresponding basis elements 
Vj & Qj , in particular, we have Wj = Wj from Theorem 3.12(b). 

Proof. By Theorem 3.12(c), each element Wj is a differential polynomial in the generators {wk\k<^j 
defined in Theorem 3.12(b). On the other hand, if we order the generators according to their increasing 
conformal weights, each Wj is equal to Wj plus a differential polynomial Pj in the elements WkS with 
k < j. Hence, each Wj can be expressed as a differential polynomial in the Wfe's, proving part (a). Part 
(b) follows from the same argument and the observation that the conformal weight of the generators of 
W are greater than or equal to 1, so that Pj = if Aj = 1 or |. □ 

3.5. Examples of classical W-algebras. 

Example 3.18 (Virasoro-Magri and Gardner-Faddeev-Zakharov PVAs). Let g ~ SI2 with standard 
generators f,h = 2a;, e and fix K{a \ b) = Tr(a&), for any a,b SI2. With respect to the ad x-eigenspaces 
decomposition (3.1), we have n = m = Fe, m-*" = F/i © Fe, [/, n] = ¥h C m-^. We fix the subspace 
p = ¥h © F/ C sl2 complementary to m, and the subspace V" = Fe C complementary to [/, n]. Then 
the element X = e® (-|) en® V(p) brings q=^h(}^h + e®fem^® V(p) to 

= e®{^ + j + f) eV(SV{p). 

By Theorem 3.12, the corresponding W-algebra is, as differential algebra, equal to the algebra of differ- 
ential polynomials W = ¥[w, w' ,w" , . . .] C V(p), where 

- = Y + ^ + /eV(p). 

We note that w = L = p{L^^'^) (see Proposition 3.16), namely it is a Virasoro field for the z ~ A-bracket. 
If we take s = e e Ker(adn), by an easy computation we obtain 

{wxw},^p = (2A + d)w~Y+ . 

Hence, the two compatible Hamiltonian structures H, K G W[A] associated to this family of A-brackets 
via (1.9) are i?(A) = (9 + 2\)w — known as the Virasoro-Magri Hamiltonian structure (of central 
charge c = — i), and K{\) = — 2A, known as the Gardner-Faddeev-Zakharov Hamiltonian structure (up 
to the factor —2). 

Example 3.19. Let g = and fix K(a | h) ~ Tr(a6) for a, 5 e SI3. Let / G 5(3 be its principal nilpotent 
element. In the matrix realization it is / = i52i +£"32- We can extend / to an s[2-triple (/, h = 2a;, e), with 
X = Ell — In this case g 1 = 0, and hence n = m C SI3 is the nilpotent subalgebra of strictly upper 

triangular matrices. Its orthogonal complement consists of all upper triangular matrices. We can fix 
p C s[3 to be the subspace, complementary to m, consisting of all lower triangular matrices. A basis of 
p is {hi = Ell — -E'22,/12 = ^'22 — E33, E21, E31, E32}. Also, as a subspace V C m-'" complementary to 
[/, n] C we choose, for example, V = = Ker(ad e) = F(£'i2 + £'23) © Fi?i3. After a straightforward 
computation, one can find X £ n® V(p) such that q-^ — {E12 + E23) wi + -E13 ^2 G F ® V(p). The 
answer is as follows: X = E12 © a + £23 © 6 + £13 © c, where 

a = -i(2/ii + /i2), b=-^{hi+2h2), c=^{Es2-E2i)-^{hl~hl + h[-h'^), 

and 

wi =l{E2i + £32) + l{hl + hih2 + hi) + hh[ + h'^) , 
2 b 2 

W2 =£31 + lhi{E2i - 2^32) + ^/^2(2£2i - £32) + ^{hl - hi) + ]-hih2{hi - /12) 

+ \{E'2i - E',,) + hii2h[ - h'.^) + h2{h'i - 2h',) + ^{h'( - h'i) . 
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It is easy to check that wi = = p{L^^^) (see Proposition 3.16). Hence, by Theorem 3.12, L and W2 
generate the algebra of differential polynomial W. Letting s — E13 e Ker(ad7i), we get the following 
formulas for the A-bracket (3.9) on the generators of the classical W-algebra 



{LAi},,p = (2A + a)L-2A3, 
{LxW2}z,p = (3A + d)w2 + 3zX, 

{W2xw2}z,p = ii(A + d)L + i(A + d)L^ + - ^(A + dfL - ^X^L - h{X + 9)(2A + d)L + ^A^ . 

D 4 4 4 D 

In particular, W2 is a primary field of conformal weight 3. The corresponding compatible Hamiltonian 
structures H,K E Mat2x2 VV[A] are 

/ (2A + a)L-2A3 (3A + 29)u;2 \ 



HiX) 



lL{X + d)L + \{X + d)L^ 
{3X + d)w2 +IXL^ - l{X + dfL~ ^X^L 
V -iA(A + 9)(2A + a)L+iA5 J 



A-(A) 



-3A 
-3A 



Example 3.20. For q — SI3, with inner product K{a \ b) = Tr(a6), consider the lowest root vector 
f = E31 £5(3. We can extend it to ansb-triple (/, /i = 2a;, e), with X = ^£^11 — ii?33, e = i?i3. In this case 
01. = Fi?i2®F£'23. Let us choose [ C 0^ to be the maximal isotropic subspace [ = F(£^i2 + £'23) = l^'^- In 
this case, n = m = ¥{Ei2+E23)(B¥Ei3 C s[3, and its orthogonal complement is generated by E21—E32 
and all upper triangular matrices in 5(3. We can fix the subspace p C s[3, complementary to m, with basis 
{g = E12 - E23,hi = Ell - E22,h2 = E22 - E33, £'21, i?3i, i?32}. Also in this case, a subspace V C 
complementary to [/, n] C m.-'" is, for example, V = g"^ = ¥{hi — ^12) ® lFi?i2 ©F£'23 ©Fi!^i3. Hence, we can 
findX = {Ei2+E23)'E>a+Ei3(g)b G n(E)V{p) such that = Ei3(S)Wi+Ei2(Sw2+E23<8)W3+{hi-h2)®W4 G 
V (g) V(p). The answer is as follows: 

a = -^g, b= -hii-hi2, 

and 

wi = E3i~^g^ + \g{E2i-E32) + \9''{hi~h2) + -{hi+h2f + \h\ + \h'^, 

I I 1 , 1 f 1 , 1 1 

W2 = E21 - -5^ + -ghi + -g' , W3 = £^32 + -g^ + -5/12 + -^g' , = --g^ + - {hi - ^12) • 

It is not hard to check that L — p{Lf) — wi +3wl (see Proposition 3.16). Hence, by Theorem 3.12, W is 
the algebra of differential polynomials in the generators L, ?«2, ?i'3, ^14. Letting s = £12 + £'23 G Ker(adn), 
we get the following formulas for the A-brackets (3.9) on the generators of W: 

{LxL},^p^(2X + d)L-^X\ 

3 3 
{L\W2}z,p = (^ A + d)w2 + -zX, 

3 3 

{L\W3}z^p = (-A + d)w3 + -zX, 

{LxW4,}z,p = (A + 9)W4, 
{w2\W2}z,p = 0, 

{w2xW3}z^p ~ -wi + 9W4 - 3(2A + d)w4 + A^, 

1 1 

{W2XW4}z,p = + -^Z, 

{w3XW3}z,p = 0, 

/ X 1 1 

{W3XWi}z.p = ^2''"^ ^ 2^' 

{w4XW4}z,p = ^A. 

We note that, with respect to the z = A-bracket, W2 and W3 are primary fields of conformal weight |, 
and W4 is a primary field of conformal weight 1. 

We can also consider [ = 0. Then I-'-" = 0^. Hence, n consists of all strictly upper triangular matrices 

and m = Fi?i3 C n. The orthogonal complement m-'" is spanned by £21, £'32 and all upper triangular 
matrices in sis. We can fix the subspace p C sts, complementary to m, with basis {£12, £23, hi = En — 
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--^12-^23 + T^f^'l + 0^*2 ' ^2 — £^21 " E12E23 ~ E2zhi - i?23 , 



£■22, ^2 = £'22 —£'33, £'21, £'31, £'32}- Again, as a subspace V C complementary to [/, n] C we take 
F = 0^ = V{hi-h2)®VEi2®¥E2z®VEi:i. In this case, we can find X = £'i2(8)a+£;23®&+£^i3«)c G n(g)V(p) 
such that = E13 ® wi + E12 (g) ^2 + £^23 ® W3 + [hi - /12) (8) W4 G F ® V(p). We get the fohowing 
answer: ^ ^ 

a = £^23, 6=-£'i2, c=~-hi--h2 

and 

3,1 1 1 

Wl =£^31 + E12E21 + E23E32 — ^£'12£'32 + ^('^1 + ^2) — 2^12£'23(^1 " ^2) + 2-^23£'12 
^^12i?23 + ^/I'l + ^' 

W3 =£^32 - EI2E23. + Ei2h2 + £^^2 , = \E12E2s. + \{hi- /12) ■ 

2 D 

Letting s = E13 G Ker(adn), we get the following formulas for the A-brackets (3.9) on the generators of 
W: 

{LxL},,p = (2A + d)L - ^A^ + 2zA, 
3 

{L\W2}z,p = (^^^ + d)w2, 
3 

{L\W3}z^p = (-A + 9)'u;3, 
{LxWijz^p = (A + d)w4,, 

{w2\W2}z,p = 0, 

{w2\W3}z^p = -wi + 9wl - 3(2A + d)wi + A^ - 

{w2\W4:}z,p = ^W2, 
{w3AW3}z,p = 0, 

{w3XW4}z,p = -^^3, 
{w4XW4}z,p = ^A. 

As stated in Corollary 3.13 we note that the Hamiltonian structure corresponding to z does not 
change for different choices of the isotropic subspace ^ C gi (but it does change for arbitrary z with the 
change of s). 

4. Drinfeld-Sokolov hierarchies in the non-homogeneous case 

In this section we construct, using the Lenard-Magri scheme, an integrable hierarchy of Hamiltonian 
equations for the classical W-algebra defined in Definition 3.3. We use the same setup and notation as 
in the previous section. 

4.1. Reformulation of the Lenard-Magri scheme. 

Proposition 4.1. Letting L{z) = d + q+{f + zs)®\ G F9 k (g® V(p)), we have, for a G p and g G V(p), 

{H - zK){a®g) = {■k^± ® l)[L{z),a®g] . 

Proof. It follows immediately from (3.12). □ 

The variational derivative (1.3) in the algebra of differential polynomials V(p), denoted by ^ : V(p) — ?► 
p ® V(p), is given by {g G V(p)): 

1^ = E*®7^ ep0V(p). (4.1) 
5q ^ 5q, 

Lemma 4.2. If g eW CV{)?), then £(z), ||j em^®V{Q). 

Proof. Let {qi]ii^M be a basis of m, so that, if / = _P U M, {qi}iei is a basis of q. In order to prove the 
lemma, we only need to show that 

5q\ 
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gj, (g) 1 = for all fc G M . 



By the definition (3.7) of the space W C V(p), we have p{qk\g}z = for all k G M (since m C n). By the 
skewsymmetry of the A-bracket, and using the fact that p is a homomorphism of differential algebras, we 
thus get, using the Master Formula (1.9) and the definition (3.4) of the A-bracket {■ \ - jz on V{q), that 



= P {gxqk}z\x=o = ^{T^ph,qk] + K{f + zs \ [q,,qk]) + K{q, I qk)d 



ieP 



5qi 



for every k G M. On the other hand, it is not hard to check that the RHS above is equal to 



qk ®l] , proving the claim. 



□ 



Corollary 4.3. IfgeWc V{p), then 



Sq 



Proof. It is an immediate consequence of Proposition 4.1 and Lemma 4.2. 



□ 



According to the Lenard-Magri scheme of integrability [Mag78] (see also [BDSK09]), in order to find an 
integrable hierarchy of bi-Hamiltonian equations in W, we need to find a sequence of linearly independent 
local functionals J gn G ^/dWi S such that 



/{.9oaP}a'.p|;,^o = 



and 



(4.2) 



for every p G W. In this case it is not hard to prove that we get the corresponding integrable hierarchy 
of Hamiltonian equations (see (1.18)): 



dp 
din 



{gnxP}H. 



PlA=0 ' 



n G Za 



We can reformulate the Lenard-Magri recursion relation (4.2) in terms of the matrices H and K 
defined in (3.11). By (3.10), equation (4.2) reads 



Sg: 



n+1 



i,j£P 



Sqi 



p€W. (4.3) 



Equivalently, we can rewrite equation (4.3) in terms of the maps H, K : p ® V(p) — > rri''' ® V(p) defined in 
(3.12). For this, we consider the non-degenerate pairing (m^ ®V(p)) X (p®V(p)) ^ V(p)/5v(p), defined 

by 

a ® g,b (E) h 1-^ j K{a \ h)gh . 

In terms of the dual bases {gijiep, {q^}ie p of p and m-"- respectively, we pair X^iep q^®gi > X^jep qi®hj ^ 
J ^i^P gihi. Then, the Lenard-Magri recursion relation (4.3) can be rewritten as 



Sq J 



K H 



Sgn 

Sq 



K 



. ( Sg 



n+l 



Sq 



^1=0, for aU p G W, n G Z^ 
Sq/ 



In terms of the generating series Jg{z) — J2n(^z+ JgnZ G ^/dW{{z ^)) {N G Z is arbitrary) these 

relations can be equivalently rewritten, using Corollary 4.3, as 



L{z), 



Sgjz) 

Sq 



Sp 

Tq 



= in V(p)/av(p)((z-i)), pew. 



(4.4) 



Here and below, we extend k to a bihnear map {q{{z ^)) ® V(p)) x {q{{z ^)) ® V(p)) — !■ V(p)((z ^)) as 
in (2.1) and linearly in z. 

4.2. Basic assumptions. In the remainder of the paper we will assume that s G Ker(adn) C is a 
homogeneous element with respect to the ad x-eigenspace decomposition (3.1), and that the Lie algebra 
0((z~^)) admits a decomposition 



0((z ^)) = Kcrad(/ + zs) ® Imad(/ + zs) 



(4.5) 



(as pointed out in Remark 2.2, this is equivalent to semisemplicity of the element / -f zs of the reductive 
Lie algebra g((z~^)) over the field F((z~^))). Under the above assumptions, we will be able to construct, 
in the following sections, the desired series Jg{z) G ^/dWiiz'^)) solving (4.4), thus providing an 
integrable hierarchy of bi-Hamiltonian equations in W. 
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We denote f) = Kerad(/ + zs) C g{{z~^)). Then Imad(/ + zs) = i)-^ is the orthogonal complement 
to f) with respect to the non-degenerate symmetric invariant bilinear form kq : g((z~^)) x q{{z~^)) — > F 
(the constant term of k on q{{z^^))) given by 

Ko{a{z) I b{z)) = ^ K{ai \ , 
for a{z) = Ejez"«2"* and b{z) = E^gz^^^"' ^ 0((^"^))- 

4.3. Outline. The applicability of the Lenard-Magri scheme of integrability will be achieved, following 
the ideas of Drinfeld and Sokolov [DS85], in four steps: 

1. In Section 4.4 we find h{z) e [} ® V(p) such that e^'^^'^'''> {L{z)) = 9 + (/ + zs) 1 + h{z) for some 
C/(z)eg((z-i))®V(p). 

2. In Section 4.5 we prove that, if a{z) e Z(l]), then Jg{z) = jK{a{z) (g) 1 | h{z)) £ C^iP)/dV{p)){{z~^)) 
solves the Lenard-Magri recursion condition (4.4). 

3. In Section 4.6 we prove that Jg{z) defined above lies in (^/9yv)((z^^)) (namely, the coefficients of 
g{z) lie in W up to total derivatives). 

4. Finally, in Section 4.7 we prove that the coefficients Jgn of the Laurent series Jg{z) span an infinite- 
dimensional subspace of '^/dW- 

4.4. Step 1. We extend the gradation (3.1) of g to a gradation of g((z^^)) by letting / -f zs be homoge- 
neous of degree —1. In other words, if s has ad x-eigenvalue m > (it is eigenvector by assumption, and 
it lies in the centralizer of e, hence it has non-negative eigenvalue), then we let z have degree —to — 1. 

Lemma 4.4. (a) Fori e ^Z, let Q{{z^^))i C q{{z~^)) be the space of homogeneous elements of degree 
i. We have the decomposition 

0((^^'))-0.,,,0((^-'))., (4.6) 

where the direct sum is completed by allowing infinite series in positive degrees, 
(b) If U{z) G 0((z^^))>o (X) V(p), then we have a well defined Lie algebra automorphism e^'^'^(^) of the 
Lie algebra ¥d K {g{{z^^)) (g) V(p)) . 

Proof. Let A be the maximal eigenvalue of ado; in g. Since z has degree —to — 1 < 0, we have 

0((^"')). C flz" and 0z" C 0((^-')),: ■ (4.7) 

-^^-^^<^<~^^ + l^ -n(m+l)-A<i<-n(m+l)+A 

The decomposition (4.6) follows immediately by the above inclusions. Part (b) follows from (a). □ 

Note that, since / + zs is homogeneous in ^((z""'^)), then f) = Kcrad(/ + zs) C g{{z^'^)) and f)^ = 
Imad(/-|-zs) C g{{z^^)) are compatible with the decomposition (4.6): f) = ©jgizbi ^-nd [)-'- = ©igiz'^o 
where t)i = i) O g{{z^^))i and = n g((z^^))i. In the following, for k E and a subspace 
V = compatible with the decomposition (4.6) (such as f) or i)-^), we denote Vyk = ®i>fc^i- 

Proposition 4.5. Let r = J^ieP ® '^i G na^ ® ^{p)- 

(a) There exist unique formal Laurent series U{z) £ ()^q V(p) and h{z) G t)>-i V(p) such that 

gad uiz) (a + (/ + zs) (g)l + r)=d+(f + zs)(g}l + h{z) . (4.8) 

Moreover, the coefficients of U{z) and h{z) are differential polynomials in ri, . . . , r^. 

(b) An automorphism e^'^^'^^'' , withU{z) G 0((z~^))>o®V(p), solving {4.8) for some h{z) G [}>_i(8)V(p), 
is defined uniquely up to multiplication on the left by automorphisms of the form e'^'^^i^)^ where 
S{z) G [)>o®V(p). 

Proof. Let us write U{z) = Si>i Ui{z), where Ui{z) G f)/'®V(p), i > ^, and h{z) = J2i>-^ hi{z), where 
hi{z) G f)i V(p), i > -\. We wiU determine J7i+i(z) G fj^i ® V(p) and /ii(z) G f)i (g) V(p), inductively 
on i > — i, by equating the homogeneous components of degree i in each sides of equation (4.8). 

Recall that m-'" C 0>_i • Equating the terms of degree — ^ in both sides of (4.8), we get the equation 

h_i{z) + [(/ + zs) ® l,Ui{z)] = (7r_i ® l)r G 0_i V(p) , 

where 7r_i : g{{z^^)) -» g((z^^))_i denotes the projection on the component of degree — i. Since we 
have the decomposition g_i C g{{z^^))_i = © and since ad(/ + zs) restricts to a bijection 

2 222' 
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[)f b^ij the above equation determines uniquely h_i{z) € f)_i (X) V(p) and Ui{z) G f)f ® V(p). 

2 2 2 2 2 2 

Moreover, the coefficients of h_i{z) and C^i(^) are obviously differential polynomials in ri, . . . , r^. 

Next, suppose by induction that we determined all elements Uj+i{z) G hf+i ^(p) and hj{z) S 
f)j I?) V'(p) for j < i, and that their coefficients are differential polynomials in ri, . . . , r/j. Equating the 
terms of degree i in both sides of (4.8), we get an equation in hi{z) and Ui+i{z) of the form 

h,{z) + [(/ + zs) (g) 1, U.,+i{z)] ^ A{z) , 

where A{z) 6 g((z~^))i V(p) is certain complicated (differential polynomial) expression involving all 
the elements Uj-^i{z) and hj{z) for j < i. As before, since g{{z~^))i = t)i © f)^, and since ad(/ + zs) 
restricts to a bijection f]^, the above equation determines uniquely hi{z) S f)i (8) V(p) and 

Ui+i{z) G ijj'^i <S^ V(p), and their coefScients are differential polynomials in ri, . . . , r^. This proves part 
(a). 

In the proof of part (b) we follow the same argument as in the proof of Proposition 2.3(b). Let 
U{z) S [)^Q (g) V(p), h{z) G f)>-i V(p) be the unique solution of (4.8) given by part (a). Let also 

U{z) e 0((z-i))>o(8)V(p), hiz) G f}>_i(8)V(p) be some other solution of (2.2): e'"^'^'-'-\d + {f + zs) + 
r) ^ d+{f + zs)(g)l+hiz). By the Baker-Campbell-Hausdorff[Ser92], there exists S'(z) = X;»>o'5'» (2) G 
0((^"^))>o ® V(p) such that e'^'^^^''h~ '"^^'^"^ = e'"'^'^'^^). To conclude the proof of (b), we need to show 
that S{z) G t)>o'8)V(p). By construction, we have 

d+{f + zs)ig)l + h{z) = e^'^ (5 + (/ + zs) 1 + h{z)) . (4.9) 

Comparing the terms of degree — i in both sides of the above equation, we get 

f)\ V(p) 3 [{f + zs)(E,l,Siiz)] = h_i{z) -h_i{z) G f)_i ® V(p). 

Since t)^i D ~ 0, we conclude that h_i{z) = h_i{z) and Si{z) G f)i (8) V(p). Next, assuming 
by induction that Sj{z) G t}j ® V(p) for all j < i, and comparing the terms of degree i in both sides 
of equation (4.9), we easily get that [(/ + zs) (g) l,Si+i{z)] G (i),^ ® V(p)) n (hi V(p)) = 0, namely 
Si+i{z) G V(p), as desired. □ 

Consider the special case when r = q E (E) V(p). In this case, equation (4.8) reads 

Lo{z) := e"^^(")(L(z)) = 8 + {f + zs) ® I + h{z) . (4.10) 

Proposition 4.5 states that there exist unique Uo{z) G f)>o'8)"^'(p) and ho{z) G f)>_i CE) V(p) solving (4.10), 
and any other solution of (4.10) with U{z) G g((z~^))>o (g V(p) and h{z) G f)>-i ® V(p) is obtained from 
the unique one {Uo{z), ha{z)) by taking e^'^'^^^) = e^dS(2)gad!7o(^) foj. goj^e S{z) G f)>o ® V(p). 

4.5. Step 2. Throughout this section, we let U{z) G 0((z^^))>o "X) V(p) and /i(z) G (l>-i ® V(p) be a 
solution of equation (4.10), and we fix an element a{z) G Z{\)), the center of f) C 0((z~^)). (For example, 
a(z) = / + zs G Z{^)). We also let 

/5(z) = !K{a{z) ® 1 I h{z)) G V(p)/av(p)((z-i)) . (4.11) 

The main result of the section will be Theorem 4.9 below, where we show that / g{z) solves the Lenard- 
Magri recursion equation (4.4). In the following Sections 4.6 and 4.7 we will then show that, in fact, 
Jg{z) is independent of the choice of the solution U{z),h{z) of (4.10), that it lies in 0^/dyv){{^~^))i 
and that its coefficients span an infinite-dimensional subspace of W/^W, thus completing the proof of 
the applicability of the Lenard-Magri scheme of integrability. 

Before proving the main theorem, we need some preliminary results. First, as immediate consequence 
of Proposition 4.5, we have the following result. 

Corollary 4.6. We have [i(z), e-^'i'^(^)(a(z) ® 1)] = 0. 

Proof. Since, by assumption, a{z) G ^(t)) C f), we have [d+{f+zs)(E)l + h{z), a{z)(E)l] = 0. Using the fact 
that e~^'^'^(^) is an automorphism of the Lie algebra F9k (g((z^^))(8)V(p)), we have [L{z) , e~ ^'^ ^'^^^ {a{z)iS5 
1)] = e-^'i'^(^)[9+(/ + zs)(8)l + /i(z),a(z)®l] = 0. □ 

Lemma 4.7. For a ^ g E q (E) V(p) and p G W, we have 

/K([L(z),a®5]|^) =Jp{aop}.^g. (4.12) 
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Proof. By the definition (4.1) of the variational derivative we have 



K [L{z),a® g] 



g] I ® 1) 



On the other hand, using Master Formula (1.9) and integration by parts, we get 



ieP 



Hence, equation (4.12) follows immediately from equation (3.18) with n = 1. 



Lemma 4.8. We have 

Sq 



(^p®l)(e-^'i^(^)(a(z)®l)) G(p®V(p))((z-i)), 



□ 



(4.13) 



where the projection TTp : g — > p is extended to q{{z ^)) in the obvious way. 

Proof. The proof follows from a straightforward computation following the same steps as in the proof of 
Proposition 2.4. By the definition (4.1) of the variational derivative and the definition (4.11) of Jg{z), 
we have 



Sgjz) 

Sq 



J2 q^(S{-^^^^(^aiz)®l 



+ 



E q,® {-drK(a{z) ® 1 I ^(e^'i^(^)(L(z)) - d - {f + zs) ® l)) 



+ 



dh{z) 
dq. 



(m) 



(4.14) 



In the last identity we used equation (4.10). We next expand e^'^^'^^^ in power series. The first term of 
the expansion is, by the definition (3.14) of g e ® V(p) and the first completeness relation (3.3), 

E gi ® (-9)™K(a(2;) ® 1 = E K(a(z) I g*)(?i 1 = 7rpa(z) ® 1 . (4.15) 



By Lemma 2.5, all the other terms in the power series expansion of the RHS of (4.14) are 

d 



E 9. ® (-a)™K(a(z) ® 1 



fe=i ieP,mei 



oo / 

Efc! E q^^{^^r^(a{z)®l 

k=l ■ i£P,7n£Z+ \ 



,('") 
fc-1 



(adC/(z))'^'i(z) 



E(ad C/(z))'' ( ad ^) (ad C/(z))^-''-iL(z) 



/i=0 



^9 



-(ad Uiz))'^^{q + {f + zs) ® 1) - (adC/(z))'=-i ^^^'^ 



oo / 

oo 

■E^('^p®i)((-^df^(-~))'(«w®i)) 
fc=i 

ETfc^ E ?.®(-a)'"-f«w®i 



(ad[/(z))''(ad^)(adC/(z))''^L(z) 



(ad;7(z)) 



, dU{z) 



(4.16) 

For the first and last terms in the RHS we just changed the summation indices, while for the second term 
we used the first completeness relation (3.3) and the invariance of the bilinear map k. Combining (4.15) 
and the second term in the RHS of (4.16), we get (TTp (g) 1) (e^^'^^'^^^(a(z) 1)), which is the same as 
the RHS of (4.13). Hence, in order to complete the proof of the proposition, we are left to show that the 
first and last term in the RHS of (4.16) cancel out. The last term of the RHS of (4.16) can be rewritten 
as 

- E q^<»i-^y''|^{a{z)<g,^\A,^„^-l{z)), 

ieP,m£Z^ 
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(4.17) 



where Ai^rn{z) — 'J2kGZ+ (k+iy. (^'^ U{z)Y ^^{m) ■ On the other hand, by Lemma 2.6, the first term of the 
RHS of (4.16) is equal to 

iG-P,meZ+ 

By equation (4.10), the invariance of the bilinear map k and the assumption that a{z) lies in the center 
of f), the above expression is equal to 



^ q,®{-dr+^K{a{z)®l\A,^„,{z)), 

which, combined with (4.17), gives zero. □ 

Theorem 4.9. The formal Laurent series Jg{z) 6 C^(P)/dV{p)){{z~^)) in (4.11) solves the Lenard-Magri 
recursion equation (4.4). 

Proof. By (4.13) we have 

^ (^p ® l)(e-^'^^(^)(a(z) 1)) = e-^'i^(^)(a(z) ® 1) - (tt^ ® 1) (e" (a(z) ® 1) 

so that, by Corollary 4.6, we get 

L{z), = - \l{z), (TTn, 1) (e- (a(z) 1) 



<5g J 

Hence, (4.4) holds by (4.12) and the definition (3.7) of the space W C V(p) (recall that men). □ 

4.6. Step 3. In this section we will show that the Laurent series J g{z) given by (4.11) has coefficients 
in W/^yy (Proposition 4.11 below). 

Lemma 4.10. The Laurent series Jg{z) defined by (4.11) is independent of the choice of U{z) G 
g((z^^))>o (8i V(p), h{z) e f)>-i ® V(p), solving equation (4.10). 

Proof. Let lJ{z) G 0((z^^))>o ® V'(p), h{z) £ [)>-i <2) V(p) be any other solution of equation (4.10), 
and let Jg{z) = J K{a{z) ® 1 | h{z)). By Proposition (4.5) (b) there exists S{z) G f)>o <E) V(p) such that 
pj^dUiz) ^ gadS(^)gadc/(2)^ gy Lemma 4.8, we then have 

^ = (^p ® 1) (e- ^(^)e- ^(^) (a(z) ® 1)) = (^p ® 1) (e" ^(^) (a(z) ® 1)) = ^ . 

In the second equality we used the assumption that a(z) £ Z{\)). Since in the algebra of differential 
polynomials V(p) we have Ker (^) = 9V(p) © F, we deduce that Jg{z) and Jg{z) differ at most by a 

constant. On the other hand, as explained in the proof of Lemma 4.12, the constant term /i(z)[0] G f) 1 
of h{z) is always zero. Therefore, the constant term of Jg{z) is zero as well. □ 

Proposition 4.11. We have Jg{z) G (^/dW)iiz^^))- 

Proof. Fix a subspace V C complementary to [/, n] C compatible with the direct sum decompo- 
sition (3.1), and let X G n® V(p) and w G V(E)V{p) be the unique element provided by Theorem 3.12(a). 
By Proposition 4.5(a) and Theorem 3.12(b), there exist unique Uw{z) G f)^Q W and h^,{z) G ()>o 
such that 

gad + (/ + zs) ® 1 + u;) = a + (/ + zs) ® 1 + h^{z) . 
By the identity w — q^ , we can rewrite the above equation as 

Since n C 0((z~^))>o, by the Baker-Campbell-Hausdorff formula there exists U{z) G 0((z^^))>o <E) V(p) 
such that e'^'^^^"'^^^e^'^^^ = e'^^^'-^\ Hence, U{z),hw{z) is another solution of equation (4.10). By 
Lemma 4.10 we thus conclude that j g{z) = j K{a{z) ® 1 | hyj{z)) G (^/dW){{z^^))- D 
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4.7. Step 4. Consider the Laurent series Jg{z) = J2nez+ 1 9nZ """"^ defined in (4.11). In this section 
we prove that, if a{z) G Z{\)) does not lie in the center of g((2^^)), then the local functionals {J gn}n£i^ 
span an infinite-dimensional subspace of ^/dW- 

We start by computing explicitly the linear (as polynomial in V(p)) part of . Let U {z) G f)^ ® V(p) 
and h{z) G f) ® V(p) be the unique solution of equation (4.10). Let U{z) = Sfcez ^{^)W\ be the 
decomposition of U{z) according to the usual grading of the algebra of differential polynomials V(p) = 
5(F[5]p). 

Lemma 4.12. The linear component ofU{z) is: 

C/(z)[l] = J2 (-l)"(ad(/ + zs)-"-i «) l)(7r^^ l)a"g , (4.18) 

where ad(/ + zs)^"'^ denotes the inverse map of the bijection ad(/ + ^s)|j^^ ; 1)^ — ?> f)-'-, and 7rf|j_ : 
q{{z^^)) — >■ t)^ denotes the projection onto f)^ wif/i kernel f). 

Proof. We proceed as in Remark 2.7. First, we equate the homogeneous components of degree (as 
polynomials in V(p)) in both sides of (4.10). We get 

(gadC7(^)[0] _ + ZS)®1^ h{z)[0] . 

Since f) n f)^ = 0, it is not hard to prove, inductively on the grading (4.6), that ^/(z)^] = in f)-*- (g) 1 
and /i(z)[0] = in f) 1. In fact, the same argument can be used to prove that, for any solution 
U{z) G 0((z~i)) ® V(p), h{z) G () V(p) of equation (4.10), we have h{z)[0] = and U{z)[0] G f) ® 1 (a 
fact that was used in the proof of Lemma 4.10). 

Next, equating the homogeneous components of degree 1, we get that ft-(2)[l] = (tti, CE) l)q, while 
C/(2:)[l] satisfies the equation 

[(/ + zs) ® 1, U{z)[l]] = (tt^^ ® l)q - U'{z)[l] . 

Let J7(z)[l] ~ J2o=/^ie-i,+ ^le the decomposition of [/(z)[l] according to the grading (4.6). We can 

solve recursively the above equation by equating terms of the same degree with respect to the grading 
(4.6). We find that, for i > -i in ^Z, 

C/(z)[l],+i = (-l)"(ad(/ + zsr^-' ® „)5"9 

n=0 

where [i] denotes the integer part of i G -^Z, and tt^^± is the projection on f)^ = g((z~^))j H f)^. Equation 
(4.18) is obtained from the above equation after summing over all possible degrees i > — i, and using 
the identity J2ii^t)^ 1)? = (""h^ ® I)?- ^ 

Lemma 4.13. The linear part of G (p (8) V(p))((z~^)), with respect to the usual differential polyno- 
mial grading m V(p), is 

5] (-l)"(^p®l)(ad(/ + zs)-"-i®l)Kz)®l,a"q], (4.19) 

where, as before, iTp : Q ^ p denotes the projection onto p with kernel m, and it is extended to g((z~^)) 
in the obvious way. 

Proof. By Lemma 4.8 and equation (4.18), the linear part of is given by 

^[l] = (7rp®l)Kz)®l,C/(z)[l]] 
Sq 

= J2 (-1)"(^P ® 1) H^) ® 1' (ad(/ + 2s)-"-i ® 1)(^„^ ® l)a"g] . 

Equation (4.19) follows fi:om the facts that, since a{z) is in the center of [) = Kcrad(/ + zs), we have 
that ad(/ + zs) and ada(z) commute, and ada(z) o 7r|,i = ada(z). □ 

Lemma 4.14. //X G i)^ is non zero, then Tip ad(/ + zs)^"~^X is different from zero for infinitely many 
values of n E . 
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Proof. First note that, if A 6 m((z~^))\{0}, then a,d{ f + zs) A = [f,A] (since s G Kerad(n) and m C n), 
and therefore, since ad / : 0^—7- Qi-i is injective for j > 0, we have that ad(/ + zs)'^A m{{z~^)) for 
some < fc < A, where A is the maximal adx eigenvalue in g. Then, for every n G Z+ such that 
7rpad(/ + zsy-'^X = we have that TTp ad(/ + zs)''-"-'^X ^ for some < fc < A. The claim 
follows. □ 

Lemma 4.15. (a) Consider the decomposition of a(z) S Z{ij) with respect to the grading (4.6); a{z) = 
X^fceiz '^k{z), where afe(z) G Z{\))k. Suppose that the basis {q^}ieP ofm^ is homogeneous with respect 

to the decomposition (3.1), and let h{i) he the degree of q\ Let also ^^^[1] = X]-A'<fceiz [1]^ 



be the decomposition of ^^^[1] G p{{z ^)) (8" V(p) according to (4.6). Then we have 

„ , . N+k+h{i) + l 



ieP n=0 



Sq 

with "leading term" 

Ak,^,N+k+H^)+l = (-l)''^+^+''«+Vp ad(/ + z5)-^-^-''«-2[a_^,(2), g'J . 

(b) Assume that a{z) does not lie in the center of g{{z~^)). Let —N G be the minimal degree such 
that a-j^{z) ^ Z{q{{z~^))), and let h = h{i), where i E P is such that [a-N{z),q^] ^ 0. Then the 
leading terms Af. j jy+fc+ft+i '^^^ ""^^n zero for infinitely many values of k £ ^Z. 

(c) In particular, for infinitely many values of the degree k, the elements ^^^[l]fe are non zero and they 
have distinct differential orders in the variable qj G V(p). 

Proof. From equation (4.19) we have 

^Wfe = E E (-ir'^pad(/ + zs)~"-i[a,_„_;,(,)_i(z),g']®gi"^ 

Part (a) follows from the above equation and the fact that, by assumption, [ak{z),q'^] can be non zero 
only for k > —N. Part (b) follows from part (a) and Lemma 4.14. Part (c) is obvious. □ 

Lemma 4.16. Let a{z) G Z {l))\Z {g{{z-^))) . Let ^^[l] = E„ez+ ^[ll-^"""^^ be the expansion of 
^^&q^ [1] G p{{z~^))®V{p) in power series of z. Then, the coefficients ^^[1] span an infinite dimensional 
subspace of p ® V(p). 

Proof. It follows from Lemma 4.15(c) and the relation (4.7) between the decompositions of g((z^^)) in 
powers of z and with respect to the grading (4.6). □ 

Corollary 4.17. Let a{z) G Z {^)\Z {^{{z-^))) . Letting J g{z) - Enezj9nZ-"+^ G (W/o>v)((z-i)), 
the coefficients Jgn, n G Z^., span an infinite- dimensional subspace ofy^jQys). 

Proof. Obvious from Lemma 4.16. □ 
4.8. Conclusion. We can summarize all the results obtained in the previous sections in the following 

Theorem 4.18. Consider the setup of Section 3.1 and assume, as in Section 4^.2, that s G Ker(adn) 
is a homogeneous element such that q{{z~^)) decomposes as in (4.5). Let a{z) G Z {1})\Z {q{{z~^)) , and 
let U{z) G g((z~^))>o <8i V(p) and h{z) G f)>-i <E) V(p) be a solution of equation (4.10). Consider the 
differential subalgebra W C V(p) defined in (3.7), with the compatible PVA structures {■x-}h.p o,nd 
{■ A 'j/f.p defined in (3.10)-(3.11). Then, the coefficients of the Laurent series J g{z) = X]n6Z+ / 9nZ^~^ 
defined in (4.11) span an infinite- dimensional subspace of ^/^W o,nd they satsfy the Lenard-Magri 
recursion conditions (4.2). Hence, they are in involution with respect to both H and K : 

{/ 5m, / gn}H.p = {/ ffm, j9n}K,p = for all m, n e Z+ , 

and they define an integrable hierarchy of bi-Hamiltonian equations, called the generalized Drinfeld- 
Sokolov hierarchy.- 

dp 



dtn 



{.9riAP}ff,p|A=0 = {5«+lA-P}jf,p|A=0 ' P G W, n G 
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4.9. Examples. 



Example 4.19 (The KdV hierarchy). Let us consider the classical W-algebra corresponding to the 
Lie algebra sl2 constructed in Example 3.18 and consider a{z) = f + zs. We get /go = Jw and the 
corresponding Hamiltonian equation is ^ = w' . The next integral of motion is Jgi = — /-^ and the 
corresponding Hamiltonian equation is the Korteweg-de Vries equation 

dw 1 , ,„ „ ,s 
dti ' 

Example 4.20 (The Boussinesq hierarchy). Let us consider the classical W-algebra corresponding to 
the Lie algebra sis and its principal nilpotent element / = £^12 + £'23, constructed in Example 3.19. 
Letting 0(2:) = (/ + zs)^ (recall that we are working in the matrix realization), we get Jgo = Jw2 and 
the corresponding system of Hamiltonian equations is 



Lt - 2w2' 

6^ ' 3^ 

Eliminating W2 from the system we get that L satisfies the Boussinesq equation 



W2t - -hL'" + lLL' . 




i** = -V) + l(LL')'. 

Example 4.21. Let us consider the classical W-algebra corresponding to the Lie algebra sla and its 
minimal nilpotent element / = i?3i, constructed in Example 3.20. In both cases considered (namely 
the choice I = or [ 7^ 0) the element / -I- zs, where s = -B13, is semisimple and we get an integrable 
hierarchy of bi-Hamiltonian equations by Theorem 4.18. For example, when [ is maximal isotropic, 
letting a{z) = f + zs we get J go — J{w2 + W3) and the corresponding system of Hamiltonian equations 
is 

5K + ^) 

L - Uw'l - 3w'^ 
-L + Ylw\ - iw'^ 
' W3) ■ 

This system of equations was first studied in [BD91] and is known as fractional KdV system. Eliminating 
L, W2, W3 from the system we get that satisfies the equation 

w" = -^W4tttt ~ 8{w4W4t)t , 

which, after rescaling, is the Boussinesq equation with the derivatives with respect to x and t exchanged. 

4.10. Applicability of the integrability scheme for It is natural to ask when the assumptions 
of Theorem 4.18 hold, so that the proposed scheme of integrability can be applied. In other words, given 
a reductive Lie algebra g, we want to know for which nilpotent elements f € Q (extended to an s[2-triple 
/, h = 2x, e), we are able to find an isotropic subspace t C 1 and a homogeneous element s € Ker(adn) 
(where n = © g>i) such that / -I- zs is a semisimple element in g{{z~^)). 

It is not hard to find a general answer in the case of In this case, the integrability scheme can 
be applied successfully for all nilpotent elements / G 0[„ corresponding to the partitions of n of the 
following type: 

(a) n^r-\ h r + IH hi, 

(b) or n r + (r - 1) 4 h r + (r - 1) + iH hi. 

For partitions of n of type n = r + r + ■ ■ ■+r + e, where e = or 1, we can choose s in Ker(adg>o) (that is 
with [ 0), such that the corresponding element f+zs G g[„((z~^)) is regular, homogeneous, semisimple, 
which corresponds to integrable hierarchies of "type I", [dGHM92, BdGHM93, FHM92]. Removing the 
assumptions that / -h zs be regular (namely considering "type II hierarchies") we allow partitions of n 
with an arbitrary number of -hl's. Furthermore, if the partition of n contains copies of r -h (r — 1), we 
are forced to choose s in Ker(adn), with n strictly included in 0>o, namely we need to choose a non-zero 
isotropic subspace [ C fli . For partitions as in types (a) and (b) above, the corresponding homogeneous 
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semisimple element f + zs G q{{z ^))is 



f + zs 



\ 



V 



; 



where x = a or b, and 



( 
1 
1 



/ 
1 



kDS 



1 0/ 



1 



V 



r - 1 



0/ 



We point out that our restrictions on the nilpotent element / G 0(„ are the same as those obtained in 
[FGMS95, FGMS96], where they constructed generalized Drinfeld-Sokolov integrable hierarchies associ- 
ated to a graded element in a Heisenberg subalgebra of g((z~^)). 

As a final remark, it is not clear if it is possible to further modify the setup of the integrability scheme 
to include other types of nilpotent elements / € 0l„. For example, for / G gig corresponding to the 
partition 6 = 4 + 2. we have = (hence [ — 0) since the gradation is even, and one can show that 
there is no choice of s G Ker(adn), homogeneous in the ad x-eigenspaces decomposition, for which f + zs 
is a semisimple element of g[g((2;~-^)). 
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